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_ -, Abstract 

CN 

t-H Given a compact stratified pseudomanifold X with a Thorn-Mather stratification and 

a class of riemannian metrics over its regular part, we study the relationships between 
the L 2 de Rham and Hodge cohomology of the regular part of X and the intersection 
cohomology of X associated to some perversities. More precisely, to a kind of metric 
which we call quasi edge with weights, we associate two general perversities in the 
sense of G. Friedman, p g and its dual q g . We then show that: 

'D 1. The absolute L 2 Hodge cohomology is isomorphic to the maximal L 2 de Rham 

cohomology and this is in turn isomorphic to the intersection cohomology associated 
to the perversity q g . 

2. The relative L 2 Hodge cohomology is isomorphic to the minimal L 2 de Rham coho- 
mology and this is in turn isomorphic to the intersection cohomology associated to 
_C the perversity p g . 

Moreover we give a partial answer to the inverse question: given p, a general perversity 
in the sense of Friedman on X, is there a riemannian metric g on reg(X) such that a L 2 
1 ' de Rham and Hodge theorem hold for g and p? We then show that the answer is positive 

in the following two cases: if p is greater or equal to the upper middle perversity or if it 
is smaller or equal to the lower middle one. Finally we conclude giving several corollaries 
about the properties of these L 2 Hodge and de Rham cohomology groups. 

Keywords: Stratified pseudomanifold, I? cohomology, Hodge cohomology, intersection 
~^ cohomology, general perversity. 

O Introduction 

Let X be a compact stratified pseudomanifold and let reg(X) be its regular part. The study 
>► of the relationships between the L 2 de Rham and Hodge cohomology associated to a given 

riemannian metric and the intersection cohomology of X has a long history initiated at the 
end of seventies with the celebrated papers of J. Cheeger [7J and [5]. In [7J Cheeger established 
a Hodge theorem for manifolds with isolated conic singularities; in [5] he showed that if X 
is a closed Witt PL stratified pseudomanifold and if g is an admissible riemannian metric 
on reg(X) then the L 2 maximal Hodge cohomology is finite dimensional and isomorphic to 
the maximal L 2 de Rham cohomology. Furthermore, without the Witt assumption but using 
some additional hypothesis about the calculation of the maximal L 2 cohomology of a cone 
over a riemannian manifold, see lemma 3.4 in [5], he showed that the maximal L 2 de Rham 
cohomology is isomorphic to the intersection cohomology of X associated to the lower middle 
perversities. Subsequently this L 2 de Rham theorem of Cheeger was generalized by M. Nagase, 
which in ^22 showed that given a perversity p < m, where to is the lower middle perversity, it 
is possible to construct over the regular part of X a riemannian metric g associated to the the 
perversity p such that the maximal L 2 de Rham cohomology is isomorphic to the intersection 
cohomology of X associated to the perversity p. In both these papers the proofs of the L 2 de 
Rham theorem were done by constructing a subcomplex of the complex of L 2 differential form 
with weak differential quasi-isomorphic to it and integrating the forms of this subcomplex over 
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some PL— chains. Afterwards, in the paper [23], Nagase presented a new proof of his L 2 de 
Rham Theorem that employed the sheaf-theoretic approach of Goresky-MacPherson |15fM 
Recently R. Mazzeo and E. Hunsicker proved [IB] a L 2 de Rham and Hodge theorem on a 
manifold with edges. We recall that a manifolds with edges is a compact stratified pseudo- 
manifold of depth one, X D B, B = (J Bj. For each stratum Bj, which in this case is just a 
closed manifold, there exists an open neighbourhood Uj of Bj in X which is diffeomorphic to 
a bundle of cones, that is, a bundle with basis Bj and fibers C{Fj) with Fj a closed manifold 
that depends only on Bj. Over X ~ B they consider an edge metric g, that is, a riemannian 
metric such that over each Uj — Bj it is quasi-isometric to dr <g> dr + Tt*hj + r 2 kj where kj 
is a two symmetric tensor field which restricts to a metric on each fiber Fj, -Kj : Uj — > Bj 
is the projection and hj is a riemannian metric on Bj. Then for the maximal and minimal 
L 2 de Rham cohomology and for the absolute and relative Hodge cohomology the following 
isomorphisms holds : 

I^H\X) 2 Hl max (reg(X),g) = W ab8 {reg{X),g) 

I™H\X) ~ Hl min (reg(X),g) - K el {reg{X) l9 f\ 

This result was later generalized by Hunsicker |17j . Given a manifold with edges with only 
one singular stratum B, Hunsicker considers a riemannian metric g on reg(X) such that over 
U — B it is quasi-isomorphic to 

dr (g) dr + ir*h + r 2c k where < c < 1. 

The isomorphisms between the L 2 de Rham, the Hodge and the intersection cohomology of X 
that she gets, for this kind of metrics, are the following: 



W abs (reg{X),g) * m max (reg(X),g) 



KAreg{X),g) = H* n {reg(X),g) 



im.-[lh]]H i (X) f is even 

im-U + h\\H l {X) f is odd 

I m +HMH i (X) f is even 

I™+U + h\\H l (X) f is odd 



where [[x]] denotes the greatest integer strictly less than x^j It is immediate to note that when 
c = 1 then [[|]] = [[| + g^]] = and then this result reduces to the results in [15] . 
We note that all the previous results we recalled can be interpreted in two different way: on the 
one hand they assert that for certain riemannian metrics on reg(X) the L 2 de Rham and Hodge 
cohomology groups associated to them are isomorphic to the intersection cohomology groups 
associated certain perversities; therefore these L 2 de Rham and Hodge cohomology groups do 
not depend from the metrics chosen but only from the stratified homotopy class of X and from 
the perversity associated to the metrics. On the other hand the previous results assert that for 
some perversities the intersection cohomology groups associated to them are constructive in a 
analytic way. In other words there is a riemannian metric on reg(X) such that a L 2 de Rham 
and Hodge theorem holds for the perversity considered. 



The main goal of this paper is to investigate the two following questions: 

1. Is it possible to generalize the result established by Hunsicker in the edge case to the case 
of any compact and oriented smoothly stratified pseudomanifold with a Thorn-Mather 
stratification? 

2. Given p, a general perversity in the sense of Friedman on X, is there a riemannian metric 
g on reg(X) such that a L 2 de Rham and Hodge theorem holds for them? 



x In [8], |22| and |23| the symbol m is used for the lower middle perversity. 

2 In [18] the first isomorphism involves the upper middle perversity and the second involves the lower middle 
perversity. The reason is that in 1181 the definitions of these perversities are reversed from the usual ones. 

3 Also in this case there is a switch of perversities from |17| . It is caused by the fact that in |17| the intersection 
cohomology for a perversity p is the cohomology of the Deligne sheaf for such perversity or equivalently the 
cohomology of the complex of the intersection chain sheaves for the perversity p. 
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We give a positive answer to the first question and we show that if p is greater or equal to 
the upper middle perversity or smaller or equal to the lower middle one then also the second 
question has a positive answer. In particular this last result generalizes the result of Nagase in 

More precisely given X, a compact and oriented smoothly stratified pseudomanifold with a 
Thom-Mather stratification, we consider a riemannian metric g over its regular part, reg(X), 
that satisfies the following properties: 

1. Take any stratum Y of X; for each q £ Y there exist an open neighbourhood U of 
q in Y such that <f> : iry (U) — > U X C(Ly) is a stratified isomorphism; in particular 
<f> : TTy (U) n reg(X) — > U x reg(C(Ly)) is a diffeomorphism. Then, for each q G Y, 
there exists one of these trivializations (0, U) such that g restricted on irZ (U) n reg(X) 
satisfies the following properties: 

(9 i ~ 1 )*(S'L- 1 (!7)nr e9 (X)) - dr ® dr + ft t/ + r2c 5L^ 

where /ij/ is a riemannian metric defined over U, c £ R and c > 0, g^ Y is a riemannian 
metric on reg(Ly), dr ® dr + hjj + r 2cY gj, Y is a riemannian metric of product type on 
U x reg(C(LY)) and with = we mean quasi-isometric. 



2. If p and q lie in the same stratum Y then in (34 1 there is the same weight. We label it 
c Y . 

We call such kind of riemannian metric quasi edge metric with weights. 
To these we associate a general perversity p g in the sense of G. Friedman: 

l Y =0 

p g (Y):=Y^[[^ + -^-: = { l f + [[£;}} l Y even,l Y ^0 





f ° 


^+— ]] = 

2 2c Y JJ 


1 ^+[[1 



1 

2c Y 



Iy odd 



where ly = dimLy and, given any real and positive number x, [[x\] is the greatest integer 
strictly less than x. 

The isomorphisms between the L 2 de Rham, the Hodge and the intersection cohomology that 
we get are then: 

I^H\X,TZ ) - Hl max (reg(X),g) - W abs {reg{X),g) (1) 

psH\X,K ) S Hi imin (re 5 (X), ff ) ^n^(reg(X),g) (2) 

where g g is the complementary perversity of p g , that is g g = t — p g with i the usual top 
perversity. TZq is the stratified coefficient system made of the pair of coefficient systems given 
by (X — X n _i) x K over X — X n -\ where the fibers M. have the discrete topology and the 
constant system on X„_i. In particular, for all i = 0, ...,n the groups 

Hi, max (reg(X),g), H\ mm {reg(X),g), W abs {reg(X)), W rel (reg(X)) 

are all finite dimensional. Note that in this paper we allow for the existence of one codimensional 
strata; furthermore p g and q g are not classical perversities in the sense of Goresky-MacPherson. 
This is why we have to replace the coefficient R with 7?. - It will be shown in corollary [T0| that 
if p g and q g are classical perversities in the sense of Goresky-MacPherson and -X" n _i = X n _2 
then it is possible to replace IZq with R. It is immediate to note that when X is a manifold 
with edges with only one singular stratum this result reduces to the one proved by Hunsicker 

in HZ]. ' 

Moreover we show that: 

1. if p is a general perversity on X in the sense of Friedman such that p > m, where fn is 
the upper middle perversity , and such that p(Y) = for each stratum with cod(Y) = 1, 
then it is possible to construct on reg(X) a quasi edge metric with weights g such that 
^ holds. 
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2. if q is a general perversity on X in the sense of Friedman such that p < m, where m is 
the lower middle perversity , and such that p(Y) = — 1 for each stratum with cod(Y) = 1, 
then it is possible to construct on reg(X) a quasi edge metric with weights g such that 
(0 holds. 

Finally we conclude the paper giving several corollaries about the properties of these L 2 de 
Rham and Hodge cohomology groups and about the properties of some operators associated to 
the metric g. We point out that these results can be used to study the perverse signatures of 
X, as it is shown in [17] when the stratified pseudomanifold X has only one singular stratum, 
see also [5]. 

The paper is structured in the following way: in the first part we recall notions which are 
fundamental to the whole work such as Hilbert complexes, intersection homology, intersection 
homology with general perversity, as defined by G. Friedman [IT] and [15] and stratified pseu- 
domanifolds with a Thorn-Mather stratification. We also introduce the riemannian metrics 
which we will use for the rest of the paper and the general perversities associated to them. 
The second part contains some results needed in order to calculate the maximal L 2 de Rham 
cohomology of a cone over a riemannian manifold endowed with a conic metric. The third 
part contains the calculation of the maximal L 2 de Rham cohomology of a cone over a rie- 
mannian manifold endowed with a conic metric with weights. Finally the last part contains 
the results that we have announced above, their proofs and several corollaries. For the proof 
of the isomorphims (fTl) , (pi) in the last section we use a sheaf-theoretic point of view as is [T7] , 
[IB] and [55] . More precisely to show the isomorphism ^ we will construct a complex of fine 
sheaves whose hypercohomology is the maximal L 2 de Rham cohomology and we will show 
that such complex satisfy the generalization given by Friedman of the theorem of Goresky and 
MacPherson in |15j . Finally using some duality results we will get the isomorphisms (p]). 



1 Background 

1.1 Hilbert complexes 

In this first subsection we recall the notion of Hilbert complex following [18] . 
Definition 1. A Hilbert complex is a complex, {H*,D*) of the form: 

O^H ?$H 1 ^H 2 %... D ^ 1 H n ^O, (3) 

where each Hi is a separable Hilbert space and each map Di is a closed operator called the 
differential such that: 

1. T>(Di), the domain of Di, is dense in Hi. 

2. ran{Di)cV{D i+l ). 

3. D l+1 o Di = for all i. 

The cohomology groups of the complex are H l (H*,D*) := Ker(Di)/ran(Di-i). If the 
groups H l (H*, D*) are all finite dimensional we say that it is a Fredholm complex. 
Given a Hilbert complex there is a dual Hilbert complex 

D'n D* D* D*_, 

0^H Q <£H x ^ H 2 <-? ... ^ ff„^0, (4) 

defined using D* : H i+1 — > H b , the Hilbert space adjoints of the differentials 

Di : Hi — > Hi + \. The cohomology groups of (Hj, (Dj)*), the dual Hilbert complex, are 

H\H 01 (D,)*) := KeriD^J/raniD^). 

For all i there is also a laplacian A; = D*Di + Di^\D*_ x which is a self-adjoint operator on 
Hi with domain 

Z>(A0 = {ve V(Di) n ©0D*_i) : D t v G V(D*),D*_ lV E P(A-i)} 
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and nullspace: 

Hi(H*,D*) ■.= ker(& i )=Ker(D i )r\Ker(D*_ l ), 

The following propositions are standard results for these complexes. The first result is a 
weak Kodaira decomposition: 

Proposition 1 ([6], Lemma 2.1). Let (Hi,Di) be a Hilbert complex and (if,, (Dj)*) its dual 
complex, then: 

Hi =H l ® ron(A-i) © ran(D*). 



Proposition 2 ([5J, corollary 2.5). If the cohomology of a Hilbert complex (H^,D t ) is finite 
dimensional then, for all i, ran(Di^i) is closed and H l (H*,D*) = H l (H*, D*). 

Proposition 3 ([5J, corollary 2.6). A Hilbert complex (Hj,Dj), j — 0, ...,n is a Fredholm 
complex if and only if its dual complex, (Hj, D*), is Fredholm. If this is the case then 

H t (Hj , Dj) S H [Hj ,D,) = H n _i {Hj ,(D 3 )*) = U n _i (Hj ,(D 3 )*) (5) 



The final result that we recall shows that is possible to compute these cohomology groups 
using a core subcomplex 

V°°(Hi) c H^ 

For all i T>°°(Hi) consists of all elements rj that are in the domain of A' for all I > 0. 

Proposition 4 ([6 , Theorem 2.12). The complex (7)°° (Hi), Di) is a subcomplex quasi-isomorphic 
to the complex (Hi,Di) 

The main case of interest here is when (M, g) is a (not necessarily complete) riemannian 
manifolds, H L = L 2 fl l (M,g), and Di is the exterior derivative operator. 

Consider the de Rham complex (Cq° Q* (M) , d*) where each form oj £ C^Vt l (M) is a i— form 
with compact support. To turn this complex into a Hilbert complex we must specify a closed 
extension of d. With the two following propositions we will recall the two canonical closed 
extensions of d 

Definition 2. The maximal extension d max ; this is the operator acting on the domain: 

V(d max J = {ue L 2 n\M,g) : 3 r, e L 2 W +1 (M,g) (6) 

S.t. < U, 6i( >LHM,g)=< V, C >LHM,g) V C € C™W +1 (M)} 

In this case d max ,iU — V- ^ n other words T>(d maXt i) is the largest set of forms uj £ L 2 Q Z (M, g) 
such that diiu, computed distributionally, is also in L 2 Q l+1 (M, g). 

Definition 3. The minimal extension d m i n ,i; this is given by the graph closure of di on 
C%°tt l (M) respect to the norm of L 2 £l l (M,g), that is, 

V(d mm , l ) = {uje L 2 n l (M,g) : 3 H} jG j C C^W(M,g), Uj -> u, d^ 3 -^ V e L 2 Q i+1 (M,g)} 

(7) 
and in this case d m i n ^0J = f) 

Obviously T>(dmin,i) C T)(d maXi i). Furthermore, from these definitions, it follows immedi- 
ately that 

and that 

Umax,i \LS\&max,i)) ^— ^ \^vaax .i+1 ) i ^maa;,i+l Qmax.i U. 

Therefore (L 2 il*(M, g), d max / min _„) are both Hilbert complexes and their cohomology groups 
are denoted by H * , . (M, q). 
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Another straightforward but important fact is that the Hilbert complex adjoint of 
(L 2 n*(M,g),d max/min ^) is (L 2 Cl*(M,g), 8 min / max< *) with 6, the formal adjoint of 4, that is 

y&max.i) — Omin^ii \P'min,i) — Omax,i- yJ) 

Using proposition [T] we obtain two weak Kodaira decompositions: 



L ft 1 (Af, g) = W aba/rel © ran{d max/mmyl _ 1 ) © ran(S min/maXti ) (9) 

with summands mutually orthogonal in each case. The hrst summand in the right, called the 
absolute or relative Hodge cohomology, respectively, is defined as the orthogonal complement 
of the other two summands. Since {ran(d max ,i^i))- L = Ker(5 m i n ^x) and (ran(<i rn i„ i i_i)) ± = 
Ker(5 maXt i-i), we see that 

''■abs/rel = "■ eT '{"'max / 'rain ,i) H K eT , (o m j n / maa: ^_i). (10) 

Now consider the following operators: 

L±abs 7 i — Ominji&maXti > U"max,i—lOmin,i — lj L±rel,i "max,i""min,i < U'Tnin,i—lOmax,i—l v / 

These are selfadjoint and satisfy: 

U aba {M,g) = Ker(A ab8ti ), K el (M,g) = Ker(A rel>i ) (12) 

and 



ran(A abs ^) = ran(d maXti -i) © ran(8 miriti ), ran(A rei:i ) = ran{d min>i -i) © ran(S maXti ). (13) 

Furthermore, by proposition 2 if H % 2 max / min (M,g) is finite dimensional then the range of 
dmax/min,i-i is closed and Hi bs/rel {M,g) = H l 2max/min (M,g). On L 2 Q?(M,g) we have also a 
third weak Koidara decomposition which is the original one considered by Kodaira in |21| . 



L*W(M, g) = W max © ran(d TOi „,i_i) © ran(S mm .i) (14) 

where T-L l max {M,g) is Ker(d max ^) n Ker(S max ^i) and it is called the i — th maximal Hodge 

cohomology group. 

We can also consider the following operators: 

A maXtl : L 2 W(M,g) -> L 2 n l (M l9 ), A min , t : L 2 n l (M,g) -> L 2 n l (M,g). (15) 

A ma x,i is defined as the maximal closure of 8i o di + di-i o 5,_i : C^°il z (M) — »• C^°il l (M) that 
is u G V(A maXti ) and v = A max>i (u) if 

< u,5i(di(<j>)) + di-i(6i-i(<j>)) > L 2(M, g )=< v,<t>> L *(M,g) for each cf> G C^n l {M). 

A m in : i is the minimal closure of Si o di + di-i o Si-i : C^ a fl l (M) —> C^°il l (M) that is u G 
V(A m i n ,i) and w = A m ,- ni ,(w) if there is a sequence {0}i S N C C^°il l (M) such that 

4 -)• u in L 2 n l (M,g) and <*i(di(<A)) +di-i(<$,--i(<£)) -)• u in L 2 n l (M,g). 

Proposition 5. TTie operators A rnax _i, A m i n ^ satisfy the following properties: 



i mo^.i- 



2. Ker(A m i n j) — Ker(d m i n ^) n Ker(S m i n ^-i). We call it the i — th minimal Hodge coho- 
mology group and we label it 'H % min {M , g) . 

3. Ker(A max ^) = Ker(d max ,i) n Ker(S max ^-i) = W max {M,g). 



4. ran{A minti ) = ran(d m in,i-i) ®ran(S minii ). 



5. ran(A maXti ) = ran(d ma .x,i-i) + ran(5 ma x,i)- 
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Proof. The first property is immediate. For the second property consider the following opera- 
tor: d max>i -i o 6 mi n t i-i + 5 ma x,i ° im,. : L 2 W(M,g) -> L 2 n i (M,g). We label it A TOji . This 
is a symmetric operator and it is clear that A mi extends A min ^ that is T>{A mini ) C 2?(A m j) 
and A m j„ ] j(u) = A m) j(w) for each u £ A m i n ^. From this it follows that Ker(A m i n .i) C 
'Knin( M '9) because Ker{A min ^) C Ker(A m ^) a nd #er(A m]i ) = W min (M , g) . By the fact 
that ran(A moX] j) C nm(d moX] i_i) + ran(<J maX! j) and by the first property it follows that 
Ker(A mint i) = (ran(A m ax,i)) ± D (ran(d max ,i-i) + ran(<5 maa: .i))- L = W min {M,g). Therefore 
Ker(A minA ) =ni nin (M,g). 

For the third property consider the following operator: d mirM _i o 5 max ^ 1 + 5 min ^ o d maXti : 
L 2 il l (M, g) — \ L 2 fl z (M, g). We label it Am,z- Also Ajvf , is a symmetric operator and it is clear 
that A maXii extends A M ,%- Therefore Ker(A max ,i) D % l max (M,g) because Ker(A max ^) D 

Ker(A M ,i) and Ker(A M ,i) = W max { M,g). 

Now by the fact that ran(A mini ) C ran(d min i-i) + ran(S mini ) and by the first property it 
follows that Ker(A max>i ) = (ran(A mi „ ii ))- L D {ran(d m in,i-i) + ran{8 m in,i)) A ' = W max {M,g). 
In this way we can conclude that Ker(A maXt i) = % % max (M,g). 

For the fourth property we can observe that ran(A m i n ^) c ran(D m i) C ran(dmin t i—i) © 
ran(<5 mmji ). But, by the third point, {ran{dmin,i-i) © ran(i5 mmjl )) 1 = Ker(A maXti ) and 
(_ftTer(A maa ; j j))- L = ran(A m i n> i); therefore the fourth point is proved. 



For the fifth property we can observe that ran(A max ^) c ran(d ma x,i—i) + ran(S max ,i). But, 
by the second point, {ran(d ma ,x,i-i) + ™n(<5 maa ; ! i))- L = Ker(A min j) and (Ker(A mi n,i)) ± = 
ran(A maxi ) and therefore the fifth point is proved. □ 

Finally we conclude the section by stating a result that is a particular case of proposition 
ffl 

Proposition 6 ([BJ, pag 110, appendix). Consider the smooth differential forms il*(M) 
and the following complex: 

(Sl* 2 (M,g),d*) := -► n§(M >5 ) ^ ^(M,g) % ... V ^(Af, 5 ) H (16) 

where £l 2 (M,g) = {u £ Vt l (M) : \\oj\\L 2 (M, g ) < °° and \\dito\\L 2 (M,g) < °°}- 

Then {Q. 2 {M , g) , dt,) is a subcomplex quasi-isomorphic to the complex (L 2 Q,* (M,g) 1 d max .*) 

1.2 Stratified pseudomanifolds and intersection homology 

We begin by recalling the concept of stratified pseudomanifold. The definition is given by 
induction on the dimension. 

Definition 4. A 0— dimensional stratified space is a countable set with the discrete topology. 
For m > a m— dimensional topologically stratified space is paracompact Hausdorff topological 
space X equipped with a filtration 

X = X m D X m _ x D ... DX x DX (17) 

of X by closed subsets Xj such that if x £ Xj — Xj—i there exists a neighbourhood N x of x in 
X , a compact (m — j — 1) — dimensional topologically stratified space L with a filtration 

L = L m -j-i D ... DiiDio (18) 

and a homeomorphism 

<P: N X ^W x C(L) (19) 

where C(L) = L x [0, 1)/L x {0} is the open cone on L, such that <fi takes N x l~l Xj + i + \ 
homeomorphically onto 

M j x C{L. L ) c MP x C(L) (20) 

for m — j — l>i>0 and <fi takes N x n Xj homeomorphically onto 

MP x {vertex of C{L)} (21) 
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This definition guaranties that, for each j, the subset Xj — Xj-j. is a topological manifold of 
dimension j. The strata of X are the connected components of these manifolds. If a stratum 
Y is a subset of X — X n _i it is called a regular stratum; otherwise it is called a singular 
stratum. The space L is referred as to the link of the stratum. In general it is not uniquely 
determined up to homeomorphism, though if X is a stratified pseudomanifold it is unique up 
to stratum preserving homotopy equivalence (see[12] pag 108). 

Definition 5. A topological pseudomanifold of dimension m is a paracompact Hausdorff topo- 
logical space X which posses a topological stratification such that 

X m -i — X m _ 2 (22) 

and X — X m -2 is dense in X.(For more details see [2] or [20]). 

Over these spaces, at the end of the seventies, Mark Goresky and Robert MacPherson have 
defined a new homological theory known as intersection homology. Here we recall briefly the 
main definitions and we refer to [2], [3], [14], [15] and [20] for a complete development of the 

theory. 

Definition 6. A perversity is a function p : {2, 3, 4, ..., n} — > N such that 

p(2) = and p(i) < p(i + 1) < p{i) + 1. (23) 

Let Ai C W b+1 the standard i— simplex. The j— skeleton are of A^ is the set of j— subsimplices. 
We say a singular i— simplex in X, i.e. a continuous map a : A^ — > X, is p— allowable if 

a^ 1 (X m ^ k - X m -k-i) C{(i — k +p(k)) - skeleton of AJ for all k>2. (24) 

The elements of the space I p Si(X) are the finite linear combinations of singular i— simplex 
a : Aj — > X such that a and da are p— allowable. Clearly (I p Si(X),di) is a complex, more pre- 
cisely a subcomplex of (Si(X),di), and the perversity p singular intersection homology 
groups, I p Hi(X), are the homology groups of this complex. 

Remark 1. The above definition is not the original definition given by Goresky and MacPher- 
son in Jlffi . In fact in their paper Goresky and MacPherson use a simplicial point of view and 
in particular the notion of p-allowable simplicial chains. The definition that we have recalled 
here was given in [19] by H. King. Over a PL-stratified pseudomanifold it is equivalent to the 
Goresky and MacPherson 's definition but the advantage is that it holds even if X is only a 
stratified pseudomanifold. 

However, for our goals we need a more general notion of perversity and associated inter- 
section homology. A generalization of the theory of Goresky and MacPherson that is suited 
for our needs was made by Greg Friedman. As in the previous case we recall only the main 
definitions and results and we refer to the [TJJ , [T3] and [T3] for a complete development of the 
theory. 

First, we remember that the theory proposed by Friedman applies to a wider class of spaces: 
from now on a stratified pseudomanifold will be simply a paracompact Hausdorff 
topological space X which posses a topological stratification and such that X—X n _i 
is dense in X. That is, we do not require that the condition X m _i = X m -2 a Pply- 
In the following propositions each stratified pseudomanifolds will have a fixed stratification. 
We start by introducing the notion of general perversity: 

Definition 7. A general perversity on a stratified pseudomanifold X is any function 

p : {Singular Strata of X} — > Z. (25) 



The notion of p— allowable singular simplex is modified in the following way: a singular 
i— simplex in X, i.e. a continuous map a : Aj — > X, is p— allowable if 

a~ (Y) C {(i — cod(Y) + p(Y)) — skeleton of A^} for any singular stratum Y of X. (26) 

A key ingredient in this new theory is the notion of homology with stratified coeffi- 
cient system. (The definition uses the notion homology with local coefficient system; for the 
definition of local coefficient system see [15] . [24], [TO] ) 
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Definition 8. Let X stratified pseudomanifold and let Q a local system on X — X n —\. Then 
the stratified coefficient sistem Go is defined to consist of the pair of coefficient systems given 
by Q on X — X n _i and the constant system on X n _i i.e. we think of Go as consisting of a 
locally constant fiber bundle Gx-x„-i over X — X n _i with fiber G with the discrete topology 
together with the trivial bundle on X n _\ with the stalk 0. 

Then a coefficient n of a singular simplex a can be described by a lift of o-\ a -irx-x n -x) 
to Q over X — X n -\ together with the trivial lift of o-| CT -i(x„_i) to the system on X n _\. 
A coefficient of a simplex a is considered to be the coefficient if it maps each points of 
A to the section of one of the coefficient systems. Note that if a~ x (X — X n _x) is path- 
connected then a coefficient lift of a to Go is completely determined by the lift at a single 
point of a~ l (X — X n -\) by the lifting extension property for G- The intersection homology 
chain complex (I P S*(X, 0o)>9*) are defined in the same way as I P S*(X,G), where G is any 
field, but replacing the coefficient of simplices with coefficient in Go- If no~ is a simplex a with 
its coefficient n, its boundary is given by the usual formula d(na) = ^2 A— l) 3 {n o ij)(a o ij) 
where ij : A^_i — > Aj is the j— face inclusion map. Here n o ij should be interpreted as the 
restriction of n to the jth face of a, restricting the lift to G where possible and restricting to 
otherwise. The basic idea behind the definition is that when we consider if a chain is allowable 
with respect to a perversity, simplices with support entirely in X n _i should vanish and thus 
not be counted for admissibility considerations. (For more details see [11], [12] and [32]). 



The next proposition shows that Friedman's theory is an extension of the classical theory 
made by Goresky and MacPherson. 

Proposition 7. (see [121 pag. 110, \13j pag. 1985) If p is a traditional perversity, that is a 
perversity like those defined in definition^ and X n -i = X n -2 then 

PS*(X,G)=I p S*(X,Go)- 



Example 1. Let X be a stratified pseudomanifold andp a general perversity on X . Consider as 
stratified coefficient system IZq, that is the pair of coefficient systems given by (X — X n _i) x K 
over X — X n —\ where the fibers M. have the discrete topology and the constant system on 
X n -\. Now suppose that X and p satisfy the assumptions of proposition^ then 

I p SAX,R)=I p S*(X,K ) 

where I P S*(X,M) is the usual intersection homology chain complex with coefficient in the field 

R. 

We conclude this section recalling some fundamental results of this theory that generalize 
the previous results obtained by Goresky and MacPherson. 

Let X a stratified pseudomanifold, X a fixed stratification on X, p a generalized perversity 
on X, G a local system on X — X n -\ and O the orientation sheaf on X — X n _j. 
Consider now the following set of axioms (AXl) Pt x,g^o for a complex of sheaves (S* , rf*): 

1. S* is bounded, S l = for i < and S*|x-x„_i is quasi-isomorphic to Q ® O. 

2. If x G Z for a stratum Z, then Hi(S*) = for i > p(Z). 

3. Let L/fc = X — X n -k and let ij~ : Uk — > Uk+i the natural inclusion. Then for x G Z C Uk+i 
the attachment map ctk '■ S*\u k+1 -^ Rik*ikS*\u k+1 , given by the composition of natural 
morphism S*\u k+1 — > ik*it;S*\u k+1 ~* Rik*ikS*\u k+ n is a quasi- isomorphism at x up to 
V{Z). 

In almost all references the previous axioms are formulated in the derived category of 
sheaves on X. In that case the term quasi-isomorphism should be replaced with the term 
isomorphism. 
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Theorem 1. (see ill}/ pag 116) Let X a compact stratified pseudomanif old of dimension n, 
p a general perversity on X and (S* ,d*) a complex of sheaves that satisfies the set of axioms 
(AXl) p x,g^o- Then the following isomorphism holds: 

W{X,S*)^PH n ^(X,g ) (27) 

that is the i—th hypercohomology group of the complex (<S*,d*) is isomorphic to the (n — i)—th 
intersection homology group with coefficient in the stratified system Q and relative to the 
perversity p. 

Corollary 1. In the same hypothesis of the previous theorem if (S*,d*) is a complex of fine 
or flabby or soft sheaves then the following isomorphism holds: 

W(S*(X),d,) = PH n ^(X,g ) (28) 

where H''(S*(X),d*) are the cohomology groups of the complex 

o... % x s\x) % s l+1 (x) 'H 1 s l+2 (x) % 2 ... 



Theorem 2. (see \llf pag 122 or fl2}/ pag 25.) Let F a field, X a compact and F— oriented 
stratified pseudomanif old of dimension n, p, q general perversities on X such that p + q = t 
(that is for each stratum Z C X p(Z) + q(Z) = codim(Z) — 2) and T§ a stratified coefficient 
system over X, consisting of the pair of coefficient systems given by (X — J„_i) x F over 
X — X n -i where the fibers F have the discrete topology and the constant system on X n -\. 
Then the following isomorphism holds: 

PHiiX,^) = Hom(I^H n ^(X,F Q ),F). (29) 



Remark 2. In this paper with the symbol I p H l (X, Q ) we mean the cohomology of the complex 

{Hom(I p S i (X,g ),G),(d i )*). 

We call it the i — th intersection cohomology group of X with respect to the perversity p and 
the stratified coefficient system Qq . When G = F is a field then 

PH l (X,F ) Si HomiPHiiX,^)^). 

Remark 3. Summarizing, by theorems \u and [§l it follows that if (S*,d*) is a complex of 
sheaves that satisfies the set of axioms (AXl) Pt x,j^0O then 

U l (X,S*)^I q H l (X,Fo) (30) 

where p + q = t and if (S* , d*) is a complex of fine or flabby or soft sheaves then, by corollary 



H l {S*{X),d,) = PH l {X,F ) (31) 



1.3 Thorn-Mather stratification and quasi edge metrics with weights 

We start this subsection by giving the definition of a smoothly stratified pseudomanifold with 
a Thorn-Mather stratification. Wc follow pQ. 

Definition 9. A smoothly stratified pseudomanifold X with a Thorn- Mather stratification is a 
metrizable, locally compact, second countable space which admits a locally finite decomposition 
into a union of locally closed strata © = {^q}, where each Y a is a smooth, open and connected 
manifold, with dimension depending on the index a. We assume the following: 

1. If Y a , Yp e © and Y a r\Y, 3 ^® then Y a C Y (j 
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2. Each stratum Y is endowed with a set of control data Ty , Try and py ; here Ty is a 
neighbourhood of Y in X which retracts onto Y , iry : Ty — > Y is a fixed continuous 
retraction and py : Ty — > [0, 2) is a proper radial function in this tubular neighbourhood 
such that p Y (0) = Y . Furthermore, we require that if Z £ & and Z n Ty ^ then 
(ity , py) : Ty n Z — > Y x [0, 2) is a proper differ entiable submersion. 

3. If W,Y,Z £ &, and if p £ Ty nT z C\W and ir z {p) £ Ty n Z then tt y (it z (p)) = 7iy(p) 
and Py{tt z (p)) = Py(p)- 

4. IfY,Z £ <S, then Y HZ ^ <3> Ty n Z ^ , Ty C\T Z ^ & Y cZ,Y = Z or Z cY. 

5. For each Y £ <8, the restriction try : Ty —yYisa locally trivial fibration with fibre 
the cone C(Ly) over some other stratified space Ly (called the link over Y ), with atlas 
tly = {((f), U)} where each <\> is a trivialization Wy (U) — > U x C(Ly), and the transition 
functions are stratified isomorphisms which preserve the rays of each conic fibre as well 
as the radial variable py itself, hence are suspensions of isomorphisms of each link Ly 
which vary smoothly with the variable y £ U . 

6. For each j let Xj be the union of all strata of dimension less or equal than j , then 

X — X n -i is dense in X 



We make a few comments to the previous definition (for more details we refer to pQ): 

1. The previous definition is more general than that given in pQ. In [T] a space that satisfies 
the definition [9] is only a smoothly stratified spaces (with a Thorn-Mather stratification). 
To be a smoothly stratified pseudomanifold (with a Thorn-Mather stratification) there 
is another requirement to satisfy: let Xj be the union of all strata of dimensions less or 
equal than j, then 

X = X n D X n -\ = X n -2 D Xn-3 3 ••• 3 ^0) (32) 

and X — X n _2 is dense in X. For our goals, thanks to the results of Friedman, we can 
waive the requirement X n _\ = X n -2 and therefore we will call smoothly stratified pseu- 
domanifold with a Thorn-Mather stratification each space X that satisfies the definition 

m 

2. The link Ly is uniquely determined, up to isomorphism (see point number 5 below for 
the notion of isomorphism), by the stratum Y. 

3. The depth of a stratum Y is largest integer k such that there is a chain of strata Y — 
Yfc,...,Yo such that Yj C 1^_ 1 for i < j < k. A stratum of maximal depth is always a 
closed subset of X. The maximal depth of any stratum in X is called the depth of X as 
stratified spaces. 

4. Consider the filtration 

X = X n D X n _i D X„_2 D X n _3 D ... D X (33) 

We refer to the open subset X — X n -\ of a stratified pseudomanifold X as its regular 
set, and the union of all other strata as the singular set, 

reg(X) := X — sing(X) where sing(X) := M Y. 

Y£<8,depthY>0 

5. If X, X' are two stratified spaces a stratified isomorphism between them is a homeorphism 
F : X — > X' which carries the strata of X to the strata of X' diffeomorphically, and such 
that n' F ,y, o F = F o ny, py = p[ F r Y \\ ° F for all Y £ Q(X). 
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Summarizing a smoothly stratified pseudomanifold with Thorn-Mather stratification is a 
stratified pseudomanifold with a richer structure from a differentiable and topological point of 
view. 



Now we introduce an important class of riemannian metrics on the regular part of a 
smoothly stratified pseudomanifold with a Thorn-Mather stratification. Before giving the defi- 
nition we recall that two riemannian metrics g, ft on a smooth manifold M are quasi-isometric 
if there are constants c\, C2 such that c\h < g < c%h. 

Definition 10. Let X be a smoothly stratified pseudomanifold with a Thorn-Mather stratifi- 
cation and let g a riemannian metric on reg(X). We call g a quasi edge metric with 
weights if it satisfies the following properties: 

1. Take any stratum Y of X; by definition^hfor each q £ Y there exist an open neighbourhood 
UofqinY such that <f> : ity (U) — > U x C(Ly) is a stratified isomorphism; in particular 
(f> : iTy (U) H reg(X) — > U X reg(C(Ly)) is a diffeomorphism. Then, for each q € Y , 
there exists one of these trivializations ((f>, U) such that g restricted on Try (U) n reg(X) 
satisfies the following properties: 

(<t>~ l )*(9\^ {u) nre g (X)) =dr®dr + h v + r 2c g LY (34) 

where hjj is a riemannian metric defined over (7, c£R and c > 0, gi, Y is a riemannian 
metric on reg(Ly), dr (£> dr + hjj + r 2c gL Y is a riemannian metric of product type on 
U x reg(C(Ly)) and with = we mean quasi-isometric. 



2. If p and q lie in the same stratum Y then in ( 34 ) there is the same weight. We label it 

Cy. 

Before continuing we make some remarks: 

1. Obviously if the codimension of Y is 1 then Ly is just a point and therefore by the 
previous definition (^ _1 )*(g| 7r -i( )7 ) nr . e9 ( X )) = dr <g> dr + h v . 

2. In the first point of the previous definition the metric gj, Y depends also on the open 
neighborhood U and the stratified isomorphism (f>. However we prefer to use the notation 
gL Y instead of gL Y ,u,4> for the sake of simplicity. 

3. Let g and U be like in the first point of the previous definition and let ip : 7Ty 1 ([7) — >• 
U x C(Ly) another stratified isomorphism that satisfies the requirements of definition [9] 
From the fifth point of definition M it follows that ip o </> -1 : U x C(L Y ) — >• U x C(L Y ) 
acts in this way: given p = (y,[r,x\) €Ux C'(Ly) (%j) o (j)~~ l )(p) = (y,[r,f(y,x)]) where 
the maps x <-> f(y,x) are a family of smooth stratified isomorphisms of Ly which vary 
smoothly with the variable y £ U . From this it follows immediately that if we fix a 
point yo £ U and if we put Hl y = (f(yo,x)~ 1 )*{gL Y ) then there exists an open subset 
V C I7,j/o e V such that {^ 1 )*{g\ 7! -i {v)nreg(x) ) = dr <g> dr + h v \ v + r 2 ° Y h LY where 
hu\v is the metric hjj restricted to V. Therefore the weight cy does not depend from 
the particular trivialization (f> that it is chosen. 

Now we give a definition which is a more refined version of the previous one; it is also a 
slight generalization of the definition of the adapted metric given by Brasselet, Hector and 
Saralegi in |4 . This definition is given by induction on depth(X). 

Definition 11. Let X be a stratified pseudomanifold with a Thorn- Mather stratification and 
let g a riemannian metric on reg(X). If depth(X) = 0, that is X is a closed manifold, a 
quasi rigid iterated edge metric with weights is any riemannian metric on X. Suppose 
now that depth(X) — k and that the definition of quasi rigid iterated edge metric with weights 
is given in the case depth(X) < k — 1; then we call a riemannian metric g on reg(X) a quasi 
rigid iterated edge metric with weights if it satisfies the following properties: 
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Take any stratum Y of X; by definition^for each q G Y there exist an open neighbourhood 
UofqinY such that 4> ■ itZ (U) —tUx C(Ly) is a stratified isomorphism; in particular 
4> : iiy (U) H reg(X) — > U X reg(C(Ly)) is a diffeomorphism. Then, for each q G Y , 
there exists one of these trivializations ((f>, U) such that g restricted on 7iy (U) D reg(X) 
satisfies the following properties: 

(0- 1 )*( 3 | T -i (c/)nre9(x) ) S dr ® dr + h v + r 2c g LY (35) 

where h\j is a riemannian metric defined over U, c € K and c > 0, g^ Y is a quasi rigid 
iterated edge metric with weights on reg(Ly), dr (g) dr + h\j + r 2c g l y is a riemannian 
metric of product type on U x reg(C(Ly)) and with = we mean quasi-isometric. 



2. If p and q lie in the same stratum Y then in ( 35 ) there is the same weight. We label it 

Cy. 

Also in this case a remark to the previous definition is in order. Let ip : iiy 1 (U) — > UxC(Ly) 
another stratified isomorphism that satisfies the requirements of definition [9] Using the same 
observations and notations of the second remark of definition [10] we can conclude that there 
exists an open subset V C U and a quasi rigid iterated edge metric with weights hi, Y on r Gg{Ly) 
such that (4>~ 1 )*(g\ 7r -i(y) nre „(x)) — dr ® dr + hjj\y + r 2cY hz Y - Furthermore, by the fact that 
f(ya,x) is a smooth stratified isomorphism between Ly and Ly such that (f(yo,x))*{hi, Y ) = 
gh Y i it follows that gi, Y and hh v have the same weights and therefore, by proposition [9] below, 
gL Y and hi, Y are quasi-isometric on reg(Ly) when Ly is compact. 

Proposition 8. Let X be a smoothly stratified pseudomanif old with a Thorn-Mather stratifi- 
cation X. For any stratum Y C X fix a positive real number cy . Then there exists a quasi 
rigid iterated edge metric with weights g on reg(X) having the numbers {cy}y^x as weights. 

Proof. In [T] is defined a class of riemannian metric called rigid iterated edge metric and 
in prop. 3.1 of the same paper is proved the existence of such metrics. Using the same 



notation of definition 11 a riemannian metric g on reg(X) is a rigid iterated edge metric if 
i^" 1 )* (9\^-\u)nreg(x)) = dr ® dr + h u + f 2 g LY (u,y), with u € U, y E Ly, and for any 
fixed u, gL Y ( u ,y) is a rigid iterated edge metric on reg(Ly). In [T] proposition 3.1 is proved 
in the case -X" n _i = X n ^2 but it is easy to see that it holds also in our case that is when 
-X"„_i y^ X n -2 and cy ^ 1 . Therefore on reg(X) there is a rigid iterated edge metric g having 



the numbers {cy}y<=x as weights. Using again the notation of definition 11 this means that for 
each stratum Y and for any point q e Y (4>~ 1 )*(g\ 7T - 1 r U - jnreg (x)) = dr<E)dr+hu + r 2cY gL Y (u,y), 
with u £ U, y £ Ly, and for any fixed u, gr, Y (u, y) is a rigid iterated edge metric with weights 
on reg(Ly). Now it is clear that g is a quasi rigid iterated edge metric on reg(X) having the 
numbers {cy}y e x as weights. Alternatively the existence of such metrics follows using the 
same arguments used by Brasselet, Hector and Saralegi in g]. 

□ 

Proposition 9. Let X be a compact smoothly stratified pseudomanif old with a Thorn-Mather 
stratification. For any stratum Y C X fix a positive real number cy . Let g,g' two quasi edge 
metrics with weights on reg(X) having both the numbers {cy}y e x as weights. Then g and g' 
are quasi-isometric. 

Proof. Let if be a compact subset of X such that K C reg(X). Obviously g\x is quasi- 
isometric to g'\K- Now let Y be a stratum such that Y C X n -\ — X n -2- Let x £ Y; consider 
7Ty 1 (x) and let Vy, x '■= 7r y 1 ( a; ) H p Y l {\). Then there exists a compact subset of X, K such 
that K C reg(X) and reg(Vy lX ) C K. Therefore g\ reg (v Y:c ) is quasi-isometric to g'\reg(v Ym ) an d 
from this it follows that, given an open neighbourhood U of x in Y sufficiently small such that 
■Ky (U) = U x C(Ly), g\ req t 7! - 1 m)) i s quasi-isometric to 9'\ req ( w -i(ir))- This last assertion is a 



consequence of the fact that, by definition 10 and remarks following it, there is an isomorphism 
4> : 7Ty 1 (?7) — > U x C(Ly) such that, by definition 10, (</ )_1 )*(5l re „( 7r - 1 (c/))) is quasi isometric to 



h+dr 2 +r 2cY g Ly and analogously (0 1 )*(5'l re <j(7r~ 1 ((7))) i s ^asi isometric to h! +dr 2 +r 2cY g' Ly . 
But from the fact that g\ r eg(V Yx ) is quasi-isometric to g'\reg(v Yas ) ^ follows that gi, Y is quasi- 
isometric to g' L and therefore for a sufficiently small U we get 9\ rea ( n -i m\) is quasi-isometric 





f ° 
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t° 9 , \req(-K~ 1 (U))' ^° we can conc l u de that if K C (X — X„_2) is a compact subset then <?| re g(,ft:) 
is quasi-isometric to g'\ re g(K)- Now consider a stratum Z C X n _2 — -^n-3 an d let x £ Z. As 
before consider n' z 1 (x) and let Vx, x = 71"^ (#) fl p^ 1 (l). Then there exists a compact subset 
if C (X — X n -2) such that Vz, x C if. From this it follows that g\reg(Vz x ) is quasi-isometric 
t° ff'IregtVz a,) and now, as before, we can conclude that given an open neighbourhood U of 
x in Z sufficiently small such that <7|„.-i(m = U X C{Lz), S , | re of 7 r _1 (i7')') I s quasi-isometric to 
9'\req(n~ 1 (U)')- ^ s De f° re from this it follows that if K C (X — X-3) is a compact subset 
then g\ reg fK) is quasi-isometric to g'\ re g(K)- Now it is obvious that iterating this procedure we 
obtain what was asserted. □ 

Corollary 2. Let X be a compact smoothly stratified pseudomanif old with a Thorn- Mather 
stratification and let g a quasi edge metric with weights on reg(X). Then there exist g' , a 
quasi rigid iterated edge metric with weights on reg(X), that is quasi-isometric to g. 

We conclude this section introducing the notion of general perversity associated to a quasi 
edge metric with weights. 

Definition 12. Let X be a smoothly stratified pseudomanif old with a Thorn-Mather stratifi- 
cation and let g a quasi edge metric with weights on reg(X). Then the general perversity p g 
associated to g is: 

ly = 

p g (Y):=Y^\'^ + —}] = { ± -V'] W even and l Y ± (36) 

ly odd 

where ly — dimLy and, given any real and positive number x, [[x\] is the greatest integer 
strictly less than x. 

2 Preliminary propositions 

In this section we follow, with some modifications, [8]. Given an oriented riemannian manifold 
(F, g) of dimension /, C*(F) will be the regular part of C(F), that is C(F) — {v}, and g c will 
be the riemannian metric on C*(F) 

g c = dr®dr + r 2c ir*g (37) 

where ir : C*(F) — > F is the projection over F and ceM, c > 0. 

With the symbol d F : Q i (C*(F)) — > fl l+1 (C*(F)) we mean the exterior differential obtained 

by ignoring the variable r. 

Proposition 10. Let <f> £ L 2 fl l (F,g),(f> ^ and let it : C* (F) — ► F be the projection. Then 
7r*(0) £ L 2 il l (C*(F),g c ) if and only if i < ^ + ^-. In this case the pullback map is also 
bounded. 

Proof. If G L 2 fl l (F,g) then 

\Wm\l H c* { F). gc ) = I \Wm\ 2 c , [F) dvol c , (F) = / / r<f-^Uf F dvol F dr 
Jc(F) Jo Jf 

= UWh(F, g) /V (/ - 2i W<OC 

Jo 

if and only if i < £ + ~. Since J Q r c (f~ 2l >dr is independent of 0, the pullback map is bounded. 

□ 

Proposition 11. There exists a constant K > such that for all a = cj) + dr A lu £ 
L 2 fl l (C*(F), g c ) and for any null set S C (1/2, 1) there is an a £ (1/2, 1) — S such that 

H( a )\\h(F,g) < K H\\%(C*(F),g c ) < K \\ a \\h(C*(F),g c y 
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Proof. Suppose that this proposition is false. Then for any K > there is a form <G 
L 2 n i {C*{F),g c ) such that 

H\\h {c -(F M > £j F r c{f - 2i) U\\ 2 F dvol F dr = l'j c{f - 2i) H(r)\\ 2 m F , g )dr > 



KM\h(C-(F), ge ) f 1 r<f-^dr = KU\\l 2{c , (FUc) f r<f~ 2i Ur. 

J(l/2,1)-S J{1/2S) 

In this way by choosing K > {L 1/2 d r c ^ _2 ^dr) _1 we obtain a contradiction. □ 



Proposition 12. If i < 2 + ^; + 1 an ^ a = <j> + dr A uj € L 2 fl l (C*(F),g c ), then for any 
a e (1/2,1) 

K a (a)= ( u( S )d S EL 2 W- l (C*(F),g c ) 



and K a is a bounded operator uniformly in a G (1/2, 1) 
Proof. By definition 



\\Ka(a)\\ 2 LHC , {Fhgc) = j| / w{8)d8\\b(C-m,g e ) = / / II / u(s)ds\\ 2 F r^- 2 *+ 2 Uvol F dr. 

Ja Jo JF Ja 

We consider the term || J u)(s)ds\\ F . The following inequality holds : 

u{s)ds\\ F < (f \\io(s)ds\\ F ) 2 

J a 

and using the Schwartz inequalities the right side of this becomes: 

(f \\Lo{s)\\ F ds) 2 < f ds f ||w(a)|||.ds 

Ja Ja Ja 

rl pr rr rl 

< ds \\cu(s)\\ F ds = (1 - a) / ||w(a)|||.da<(l-o) / \\uj(s)\\ F ds. 

Ja Ja Ja Ja 

So we have obtained that 



\\Ka(a)\\ 2 LHC , {FUc) <(l-a) / / \\u;(s)\\ F dsr^- 2 ^dvol F dr. 

Jo JfJ<i 

Now consider the term J f F f a \\oj{s)\\ 2 F dsr c ^ ~ 2l+2 > dvolpdr 

= f f I' \\u{8)\\ 2 F {s <f - 2i+2) + 1- s« f - 2i+ V)dsr« f - 2i+ Vdvol F dr. 

JO J F J a 

We can bound the term J \\u(s)\\%s c ^~ 2%+2 ' ds in the following way 

\\uj(s)\\ 2 F s c V- 2i+2 Us < f \\uj(s)\\ 2 f s c ^- 2i + 2 Us 
Jo 

and therefore 



\Hs)\\ 2 F s^' 2 ^dsdvol F < / / \\u{s)\\ F s^- 2i+2 Usdvol F = \\u J \\ 2 L , {c * (F) ^ ) 

J f Jo 

while for the term J \\co(s)\\ F (l — s c ^^ 2t+2 ^)ds we can use the following observation: there 
exist I > such that 1 - s c (/~ 2i + 2 ) < |i_ s <=(/-2i+2)| < ls c(f-2i+2) for any s e (^ i]. Therefore: 

\Hs)\\ 2 F (l - s<l- 2i+ V)ds < ^ \\co(s)\\%\(l - s«f- 2i+ V)\ds < I f 1 \\cu(s)\\ 2 F s<f- 2 *+ 2 Us < 
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l / \Hs)\\ 2 FS ^- 2 ^d s 

Jo 
and similarly to the previous case we get 



||u;( S )|| F (l - s^-^dsdvoh < lMl 2{c , {ngc) 



and the constant I is independent of the choice of the form u and of the choice of a. The 
fact that i < 2+^ + 1 implies that J Q r c (f~ 2l + 2 )dr — 1+c // 2 i+2) < °° anc ^ so tne f°ll° wm g 
inequalities hold: 



7/ 

JF J a 



\Ka(a)\\l Hc , {Fhga) <(l-a) J J J \\uo{ S )\\ F dsr^- 2l + 2 Uvol F dr 



<l r^-^dr(l-a)(l + l) M l 2iCHF>gc)) < \ 1 - ^ ± \. - 2) ||a||| a(c . (F) , fe) 



Therefore we can conclude that for i < i + ^- -+ 1 



2 ' 2e 



K a : I/W(C*(F),g c ) — ► ^fi»- A (C*(F) )flc ) 
is a bounded operator uniformly in a G (5, !)• 



a 



Proposition 13. Let < p < 1 and endow (p, l)x F with the metric g c restricted from C*(F). 

2 ' 2c 

2 



Let a = <p + dr/\LJE L 2 £l l (C* (F), g c ). If i > f + 2c then there exists a sequences e s — > such 
that 



lhn ||0(e s )|| L 2 ((Pil)xFi5c) =O 



Proof. By the fact that a e I/W(C*(F),0 c ) follows that </> e L 2 fT(C*(F), 5c ), so we know 
that Jp / F ||</>(r)|| F r c(/ ~ 2i:i aW F dr < 00. This means that 

\\<f>(r)\\ F r< f - 2i Uvol F £ L 1 ^,!). 



Thus by [5] lemma 1.2 there is a sequences e s — >• for wich 



(e s )f F e c ^- 2i Uvol I 



< 



C 



e s \ln(e s )\ 



for some constant C > 0. In this way we obtain 



\<f>(e„)\\ F dvoli 



< 



\ln(e s )\ ■ 



Since i > I + i- the right side tends to zero as e s —¥ 0. Thus we obtain: 



WOI' 2 



L 2 ((p,l)xF )9c ) 



p JF 

1 



t s)\\L 2 {F,g) 



H(e s )\\ F eff~^dvol F dr 
jAf-^dr — ► 



when e s — > 0. 

Proposition 14. Ifi>^-j- + l and a^cp + drAuje L 2 Q i (C*(F),g c ), then 



K (a)= / W (s)dseL^- i (C*(F) )9c ) 
Jo 



D 



and K : L 2 n i (C*(F), g c ) — > L 2 Q, l - Y {C*{F),g c ) is a bounded operator 
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Proof. By definition 



^o(a)||| 2(c , (F)i9c) - / / || / u J {s)ds\\ 2 F r^- 2 ^ 2 Uvol F dr. 



pi 

/0 JF •/() 

We consider the term || L oj(s)ds\\ F . Then 



II / u(a)ds\\F < ( / \Hs)\\ F ds) 2 = ( / S ^- 2l+2 h^ 2l -f-V\\u{s)\\ F ds) 2 
Jo Jo Jo 

and applying the Schwartz inequality we get that 

The last equality is a consequence of the fact that i > ^ — ^ + 1. Substituting the previous 
inequality in the definition of 1 1 -fi^o ( Q; )llz > 2(-c*(' J F'^ o 1 we & e ^ : 

ll^o(a)||i a(C . (F)ifle) < /' / f s< 2i - f - 2 Us f T s<f- ai+ ^\Ms)\\ 2 F dsdvol F r<f- 2i+ ^dr 



JF./0 JO 

< f \, ,J , 9 , dr/ /V'-* +2 >||u;(*)|||efedt;afe. 

J 1 + c(2i - ./ - 2) J F J 

= 2 + 2 C (2i-/-2) IMI ^ c 'C)^ " 2 + 2c(2,-/-2) l|a|lL2(C * (F) ^- 

Thus 

#o : £ 2 fT(C*(F), ffc ) — ► L^'-^C*^),^) 

is a bounded operator. D 

Proposition 15. Let 

K e (a) = I uj(s)ds 



and let < p < 1. If i > - — <j- + 1 £/ien on (p, l)xF wit/i t/ie restricted metric g c , 

K e (a) — ► i^o(a) 
in f/ie || ||L2(( P] i)xF,g ) norm w/ien e — >• 0. 
Proof. We have 

HK^a) -Jr (a)|| = / / II f u(s)ds\\ 2 F r c ( f - 2i+2 Uvol F dr. 
Jp Jf Jo 

Using the same techniques of the previous proof we obtain that the right hand side is at most 

,l+c(2»-/-2) r i 

Since i > ^ — ^ + 1 the whole expression tends to as e — >• 0. D 

Proposition 16. Lef (F,g) be an oriented riemannian manifold. Let (f> £ T^{d ma x,i-i) C 
L 2 Q i ~ 1 (F,g), V £ L 2 VL l (F,g) such that d m ax,i-i4> = "• Then for all p £ (0, 1) on (p, 1) x F 
with the restricted metric g c : 

1. tt*(J>£ L 2 ^- 1 ^,!) x F) 

2. w*T]£ L^iip,!) x F) 
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3. For all /3 e <7§°fi*((p, 1) X F) we have 

< 7T*0, (5j_i/3 >L2((p ;1 ) xF )=< 7T*?7, /3 >L2((p,l)xF) 

that is on (p, 1) x F with the restricted metric g c 

Proof. 

lk*0ll^((p,l)xF) = / r^-'^drj^ Mldvoh = I' r c <'- 2<+2 >dr|M|£ 2(i , fl) < ex, 

h*v\\hto,i)xF) = fr cU ~ 2l) dr f MUvoIf = t r^-^drU\l^ g) < oo 



/' 



so7r*77e L 2 fi'((l (/ o) xF). 

By a Cheeger's result, [8] pag 93, < tt*0, Si/3 >m( P ,i)xF)=< ^*V-,P >l^(( p ,i)x.f) for all /3 £ 
C^°il l ((p, 1) X F) if and only if there is a sequence of smooth forms «j € L 2 fi 4_1 (( / o, 1) x F) 
such that d,-_iaj € L 2 tt l ((p, 1) x F), ||7r*0-Oj|| L 2 ((p 1)xF) ->■ 0, ||7r*77 — <i i _i« : ,- 1| jL 2 ((p 1)XjF) -► 
for j — > oo. Using this Cheeger's result , from the fact that <fi £ Dom(di-i >max ), it follows 
that there is a sequences of smooth forms <pj £ L 2 fl z ^ 1 (F,g) such that di-i(j>j £ L 2 il l (F,g), 
\\<P ~ 4>j\\L 2 (F,g) —^ 0, \\r) — di-itfijW^^pg) — >• for j — > oo. Now if we put otj — n*((f>j) we 
obtain a sequence of smooth forms in L 2 i7 l_1 ((/9, 1) x F) satisfying the assumptions of the 
same Cheeger's result cited above. Indeed for each j 

d iaj £L 2 Q l ((p,l) xF) 



\\atj -it </>\\l*((p,i)xf) 
for j — l co and similarly 



j r c(f-2i+2) dr f l^-^lll^^^O 
Jp J F 



||daj -7r*7?|| i 2( (pjl)xF) ^0 
for j — » oo. Therefore we can conclude that for all /3 € C^°fl l ((p, 1) x F) 

< n*cf),Sif3 >L*((p,i)xF)=< ^rj, P >L 2 ((p,i)xF) 



D 



Proposition 17. Let (F,g) be an oriented odd dimensional riemannian manifold such that 
d m ax,i-i '■ T^{d max ^-i) — > L 2 Q z (F,g) has closed range, where i = ^- and f — dimF . Let 
a £ L 2 n i (C*(F),g c ) a smooth i-form such that d z a £ L 2 Q. l+1 {C*{F), g c ). Then: 

1. For almost all b £ (0,1) there is an exact i—form r/i, £ T>(d ma x,i) C L 2 fl i (F,g), r\ b — 
d m ax,i-ii>b, ipb £ T>(dmax,i-i) C L 2 fi* _1 (F, g), such that for all < p < 1 on (p, 1) X F 
with the restricted metric g c 

\\di-i(Kba) - (a - K (dia) - tt*(?7&))||l 2 ((p,:l)xF) = 

2. OnL 2 VL l - 1 {C*{F),g c ) we have d max ,i-i(K b a + 7r*(ip b )) + K {d % a) = a 

Proof. 1) Let a = <fi + dr A ui. Consider K e (diO>) = 4> — tt*4>(e) — J dpuds. Obviously for each 
< p < 1 K e (diCt) £ L 2 fl l ((p, 1) x F) with the restricted metric g c . From the fact that a is an 

to conclude 



i— form and that i + 1 = ^ — hl> -^- + 1 — ^ follows that we can use prop. 
that 



15 



K (d t a)£L 2 n\C*(F),g c 
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and 

\\K e (dia) - K (d l a)\\ L 2^ p ^ }xF) -> 



for e — > 0. For the same reasons we can use prop. 13 to say that there is a sequence €j — > 
such that, on (p, 1) X F with the restricted metric g c , 

lim lk>(e,)||i2 ((Pil)xFiSc) =0. 
Therefore using these facts we can conclude that 

lim / dpujds exists in L 2 r2 J (( / o, 1) x F) 

and, if we call this limit 7, we have 

K (di(a)) = 0-7 

in L 2 £l l ((p, 1) x F) with the restricted metric g c . 

From this fact it follows that for almost all 6 € (0, 1) J d F u>ds — > 7(6) in L 2 il l (F,g) for 

€j — > 0. But J d F ujds is a smooth form in L 2 £l l (F, g); J uids is a smooth form in L 2 r2 l_1 (i 7 ', <?) 
and di—i(J tods) = J d F iods. So we can conclude that J d F ujds = d max ,i-i(J wds) with 
d m ax,i-i ■ F>(d ma x,i-i) —> L 2 n, 1 (F, g) . From this it follows that 7(6) is in the closure of the 
image of d max i-i : £>(d mo x,i-i) — > L 2 tt l (F,g) and so it follows from the assumptions that 
there is tpb & F>(d max .i-i) C L 2 fl l ~ 1 (F,g) such that 

draax.i-l^b = l{b). 



We choose one of these b and e such that b > e. 

Now we consider di-i(K b (a)) = dr Alo + J b d F iu. Adding di-i(K b (a)) and K e (di<x) we obtain 

di-i(K b {a)) = a- K e (d t a) - ir*<j)(e) - tt*( / d F wrfs) € L 2 n\{ Pl 1) x F)) 

with the restricted metric g c for all p G (0, 1). 

We analyze in detail the terms on the right of equality. As noted above from the prop. 13 

know that there is a sequence Cj — > such that 



lim ||7r*0(e i )|||2 ((Pil)xF:ffc) = 0. 

Similarly from the proposition [15] we know that 

\\K ej (d l a) - K Q (d l a)\\ L 2 ((pS)xF) — ► 

for €j — > 0. For the term ir*(f d F uids) we know, by the observations made at the beginning 



of the proof and prop. 16 that there is an (i — 1)— form ip b e Dom(d max ,i-i) c L 2 £l % 1 (F,g) 
such that 

||tt*( / d F ujds) - 7r*(d ma:Ei j_ 1 (V'6))||L 2 ((pa)xF) — > 
for tj — > 0. Summarizing, for all p € (0, 1), we have on (p, 1) x F with the restricted metric g c 

lim \\a-K £i (d i a)-<l>(ej)—ir*( d F uds)- (a-K (d l a)-TT*(d i _ 1 ^ max (ip b )))\\ L 2^ pA)xF) = 0. 

Therefore, if we put r\ b = 7(6), by the fact that 

,6 

^-1(^(0;)) — a ~ K e . (dia) — it* 4>{ej) — 7r*( / dptods) 
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for all j, we can conclude that 

\\di-i(K b a) - (a - K (dia) - n*(r)b))\\L 2 (( P ,i)xF) = 



2) Before proving the statement we observe that from that fact that i — ^^ it follows 



10 



2 

2ni-i/ 



that we can use prop 12 to conclude that K b a £ L 2 fl l 1 (C*(F),g c ). Analogously we can use 
to conclude that n*ip b € L^^^C^F),^). Let e qfW(C**(F)). Then there is 



prop 

p £ (0, 1) such that supp(cj)) C (p, 1) x F. 

We consider now: 

< K b a,8 t -i<j) >l 2 (c*(f), 9c )=< K b a,Si-!(f) >l 2 (( p ,i)xF) ■ 

By the fact that K b (a) is a smooth (i — 1)— form such that \\Kb{a)\\i J 2ir lp \ xF \ < oo, 
\\di-i(K b a)\\ L2 ((i p } x F j < oo and that is a smooth form with compact support it follows that: 

< K b a, 5i-i<f> >l 2 (( P: i)xF)=< di-i(K b (a),(f> >l 2 (( P: i)xF) = 

=< a- K {dia) - it* (rj b ) , 4> >l 2 (( p ,i)xF) = 

=< a,4> >i=((p,i) X F)) ~ < K (dia),(f) >l2(( p ,i)xf) ~ < n*(Vb),<f> >l 2 (( p ,i)xf) = 

=< a, (J) >l 2 (( P: i)xf) - < K (dia),(f> >L 2 (( P ,i)xF) - < ^*{^b),h-i<t> >l 2 ([ p ,i)xF) = 

= < a,(j) > L 2 (C'(F),g c ) - < K (dia),4> >L 2 (C*(F) :3c ) ~ < K* (lp b ) , Si-i<j) >L 2 (C*(F), 9c ) • 

In particular the equality < 7r*(^f ) ) ! 5i-i4> >l 2 (( p ,i)xF)=< n* (lib) i <fi >l 2 (( p ,i)xF) follows from 
prop. [16] We have obtained that for all £ C^n i {C*{F)) 

< K b a + TT*ip b ,Si-i(j) >L 2 (c*(F),g c )=< a - K a (dia),(t> >l 2 (c*(f), 9c ) ■ 
So we can conclude that 

dmax,i~l{K b a + 7T*(V>b)) + Kq^Ol) = a. 

□ 
3 L 2 cohomology of a cone over a riemannian manifold 

In this section we continue to use the notations of the previous section. 

Theorem 3. Let (F, g) be an oriented riemannian manifold. Then for the riemannian manifold 



(C*(F), g c ), with g c as in (37) the following isomorphism holds: 



Hi jmax {C*{F),g c ) = { Hi max (F,g) i < | + 2 \ (3g) 

I U * > 2 ' 1 2c 

Proof. For the first part of the proof we use the complex (ni,(C* (F) , g c ) , d*) of prop. |6] Let 
a £ Vt l 2 (C*(F),g c ), a = (f> + drAu, i = 0, ...,/ + l. Let a £ (|,1). Consider the following map 

v a : Q|(C*(F),<? C ) -> ni(F,g), v a (a) = 0(a). (39) 



By prop 11 v a (a) £ L 2 fl l (F,g). Furthermore this map satisfies v a odi = diOv a where on the left 
of the equality di is the i — th differential of the complex (Cl%(C* (F), g c ), d*) while on the right 
of the equality the operator di is the i— th differential of the complex (il'^F, <?),d*). Therefore 
v a is a morphism between the complex (£l*,(C*(F),g c ), d*) and the complex (fl*, (F, g) , d* ) so 
it induces a map between the cohomology groups 

v* a :Hi(C*(F),g c )^Hi(F,g) (40) 
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where H^F, g) is the i — th cohomology grou p of the complex {£l\(F, g), d*). 

Now in the case i < i + -k-, by proposition 12l we know that K a (a) and K a {dia) are two 

smooth form such that 

\\K a (dia)\\i,2/ C */ F \ gc \ < oo and \\K a a\\i,2^ c ,^ F ^ g ^ < oo. If we add the two following terms, 

di-i(K a (a)) and K a (di(a)) we obtain: 



di—i(K a a)+K a (di(a)) — drAu)(s)ds+ j <i F (s)dsaj + — 0(a) — j dp(s)dsuj — a — 7r*(u a (a)). 

(41) 



So we have obtained that \\di—i(K a a)\\i,2rQ*rF\ g \ < oo and from this and (41) it follows that 

(tt*)* o v* a : Hi{C*{F),g c ) -+ H*(C*(F),g c ) 

is an isomorphism for i < t + ^-. Now from this fact it follows that for the same i: 

v::H l 2 (C*(F),g c )^W 2 (F,g) 

is injective and that 

{■K*y:Hi{F,g)^Hi{C*{F),g c ) 



is surjective. But from prop. 10 we know that v* : H2(C*(F),g c ) — > H^F, g) is surjective. 
So for i < £ + ~ H\(C*(F),g c ) and H^{F,g) are isomorphic and therefore by proposition 6 
for the same i we have 

H 2,max(C*( F )'9c) = H % 2max {F,g). 

Now we start the second part of the proof. We know that for each i every cohomology class 
[a] e H| mox (C*(F)) has a smooth representative. So let a e L 2 £l l (C*(F),g c ), i > | + 1 - i, 
a smooth form such that diet = 0. Observe that from the fact that a is closed follows that 
4> = d F w and therefore, given e S (0, 1) we have di-i(K e a) — di~i(f uj(s)ds) — dr A ui + 
rdFUj(s)ds = drAcu+J t 4> {s)ds = drAu!+tfi—(f)(e) = a— 0(e). Consider Ko(a); by proposition 
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we know that K (a) G L 2 Q l (C*(F),g c ). We want to show that d maXti _i(K (a)) = a. 
Let /3 e C^n^C^F)). Then there is p > such that supp(P) C (/?, 1) x F. Therefore: 



< K a,8i-ip >mc(F))=< K a,Si^iP >l 2 (( p ,i)xf)= {by prop [15 1 
= lim < i^ £ a, <Ji_i/3 >z,= ((p,i)xF) • 



e^O 



By the fact that K e (a) is a smooth form such that || JC e (ck) || x, 2 ((i,,o) x jF") < °°j 
||dj_i(-KeaOIU 2 ((i,p)xF) < oo and that is a smooth form with compact support it follows that: 

lim < K e a,6i-iP > L 2(( P ,i)xF)= lim < di-i(K e a),P >l 2 (( p ,i)x.f) = 

= lim < a - 0(e), /3 >l 2 (( p ,i)xF)=< a, /9 >£2 ((pil ) xF ) - lim < (f>(e),P >l 2 (( p ,i)xF) ■ 

In particular the limit 

lim < 0(e), P >l 2 (( p ,i)xF) 



exist. But from prop. 13 we know that there is a sequence ej — * such that 

lim < 0(ej),/3 >£2(( p ,i) x f)= 0. 
Therefore 

< i^oQ!, Si-lP >L 2 (( P ,l)xF) = < a,5j_l/3 >L 2 ((p,l)xF) = < a, 6i-iP >L 2 (C*(F),g c ) ■ 

Thus we can conclude that d max ^i(K (a)) = and hence that H\ max {C*{F),g c ) — for 
i>/ + l-i D 

Corollary 3. Suppose that one of three following hypotheses applies: 

1. 0<c< 1. 

2. C~>1 and f — dimF is even. 
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3- c > 1, / is odd and d ma x,i—i '■ 'D(d m ax,i-\) ~* L 2 £l % (F,g) has close range where i — , 



2 il 1 (F,g) has close range where i — ^- £ - 
(By propYA this happen for example when H^ max(F,9) * s finite dimensional.) 

Then for the riemannian manifold (C*(F), g c ) the following isomorphism holds: 

Hl, max {C*{F),g c ) = | Hl,ma X {F,g) i < | + £ ^ 

Proof. If < 1< c then | + ^>| + 1-^- 

en % > i + 1 - h 

and d ma x,i—i : I) 
thesis immediately follows from prop. |17[ 



7 > $- , 

u * — 2 ' 2c 



If e > 1 and / is even then £ > £ + 1 — ^ if and only if i > o + j~- 

Finally if c > 1, / is odd and d ma x,i-i '■ Dom(d max ^i) — > L 2 il l (F, g) has close range then the 



□ 
Remark 4. Now we make a simple remark; theorem^ also holds in the following two cases: 

1. If we replace C{F) with C e (F) where C e (F) — F x [0, e)/F x {0} and where e is any real 
positive number. In this case we have only to modify prop. \11\ and prop. \12\ choosing 
a G (7, e) where 7 is a fixed and positive real number strictly smaller than e. Furthermore 
ife<8 

i* : (L 2 n*(C* s (F),g c ),d max ^) -► (£ 2 0*(C e *(F), flc ), d max ,*) 

where i* is the morphism of complexes induced by the inclusion i : C e (F) — > C$(F), 
induces an isomorphism between the cohomology groups H\ maa; (C'*(i ;l ),.g c ) and 
H\ max (Cfi(F),g c ) for each * < f + Ic or * > i + 1 ~ ^- This last assertion is easy to 
see. When i > 2 + 1 — Tc ^* s obvious because the cohomology groups are both null; when 
i < |- + y it follows by the fact that given a £ (7, e) and given v a , which is the evaluation 
map defined like in ( |39[ ), we have v a — v a °i* where at the left of the equality v a is between 
VL\(Cl{F),g c ) and £l\{F,g) and at the right of the equality it is between Q l 2 (C* (F) , g c ) 
and tt 2 (F, g) . Finally if the hypotheses of corollaryVftholds then the same corollary holds 
for C*(F) and in this case i* induces an isomorphism between H\ max {C* (F),g c ) and 
Hi max (Cj(F),g c ) for alii. 

2. When (F, g) is a disconnected riemannian manifold made of a finite number of connected 
components all having the same dimension, that is (F,g) = U ie j(Fj, gj), dimFi — dimFj 
for each i,j £ J and J is finite. Indeed in this case: 

Hl max (C*(F),g c ) = Hi >max (C*(\J Fj),g ) =@Hl max (C*{F j ),g c>j ) (43) 

-gto i>\ + i-h "lo i>l + i-h (44) 



Obviously if each (Fj,gj) satisfies the assumptions of corollary 

holds for (C*(F),g c ). This situation could happen in theoremU 

that case the manifold F will be the regular part of a link and it could happen that it is 

disconnected. 



1 then also corollary p] 
of the next section. In 



We conclude the section recalling a result from [H] that we will use in the proof of theorem 

SI 

Proposition 18. Let (M, g) be a Riemannian manifold. Then for the riemannian manifold 
((0,1) x M, dr (8> dr + g) the following isomorphism holds: 

#2,ma*((0, 1) x M, dr®dr + g) = H^ max {M,g) for all 1 = 0, ..., dimM + 1 (45) 

Proof. See [5] pag 115. □ 
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4 L 2 Hodge and de Rham theorems 

Before starting the section we make a remark about the notation. Given an open subset 
U C X with T>(U,d max/min ^) we mean the domain of d max/minji in L 2 n i (reg(U), g\ reg {u)) 
Given a complex of sheaves (£*,d*) over X and an open subset U of X with the symbol 
H l (C*(U), d*) we mean the i— th cohomology group of the complex 

... % 2 C-^U) %' £*(U) 4 C+\U) "4 1 ... 
Finally with HP (C* , d* ) we mean the i— th cohomology sheaf associated to the complex (£*, d*). 

Theorem 4. Let X be a compact and oriented smoothly stratified pseudomanif old of dimension 
n with a Thorn-Mather stratification X. Let g be a quasi edge metric with weights on reg(X), 
see definition \10\ Let IZq be the stratified coefficient system made of the pair of coefficient 
systems given by {X — X n -\) x K over X — X n ^\ where the fibers R have the discrete topology 
and the constant system on X n _\. Let p g be the general perversity associated to the metric 
g, see definition \lS\ Then, for all i — 0, ...,n, the following isomorphisms holds: 

I^H\X,TZ ) = H^ max (reg(X),g) * W ahs {reg{X),g) (46) 

P*H*(X,H ) = H^ mm (reg(X),g) ~ W rel {reg{X),g) (47) 

where q g is the complementary perversity of p g , that is, q g = t — p g and t is the usual top 
perversity. In particular, for all i — 0, ...,n the groups 

Hl max {reg{X),g), Hl mm {reg{X),g), K bs (reg(X),g), K el (reg(X),g) 

are all finite dimensional. 

Theorem 5. Let X be as in the previous theorem. Let p a general perversity in the sense of 
Friedman on X . If p satisfies the following conditions: 

{ P (Y) =0 if cod(Y) = 1 ( 48 ) 

then there exists g, a quasi edge edge metric with weights on reg(X), such that 

PH\X, TZo) S Hl min (reg(X), g) - W rel (reg(X), g). (49) 

Conversely if p satisfies: 

\ p{Y)~= -1 %f cod{Y) = 1 (50) 

then, also in this case, there exists a quasi edge metric with weights h on reg(X) such that 

PH\X,K Q ) S Hl max (reg(X),h)=W abs (reg(X),h). (51) 



Before proving these theorems we need some preliminary results. 

Proposition 19. Let X be an oriented smoothly stratified pseudomanif old of dimension n with 
a Thorn-Mather stratification and let g a riemannian metric on reg(X). Consider, for every 
i = 0, ..., n, the following presheaf: 

TT . vT>(n A \ — \ 'E > (U,d ma x,i) UP\X n _x = $ . . 

K ' max ' i) -\v(u-(un *„_!), d max ,i) u n x n _ x / [i3Z) 

or 

TT _ / u>eni(u,9\u) c/nx„_x = 

~ *\ ujeQi(reg(U),g\ reg{u) ) (/nl^/8 ^^ 

Let C\ max and C\ be the sheaves associated to the previous presheaves; then for these sheaves 
we have the following explicit descriptions: 
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1. let U an open subset of X then: £' 2 mM ([/) = {uj <G L\ oc Q, % (reg(JJ),g\ reg m-y} : V p <E 
U 3 V open neighbourhood of p in U such that oj\ re g(v) G T>(reg(V), d maXy i)}. 

2. C\(U) = {uj G Q l (reg(U), g\reg(u)) '■ V P £ U 3V open neighbourhood of pinU such that 

u\ reg{V ) G £l\(reg(V),g\ reg( yy)}. 

3. If X is compact L 2max {X) = T>(reg(X), d max>i ). 

I C\{X) = {uj G nHreg(X)) : w G L 2 n*(re ff (X), <?), d;W G L 2 ^(re ff (X), 5 )}. 
5. TTie complexes C 2 max and C 2 are quasi isomorphic. 

Proof. The first and the second statement follow from the fact that the sheaves C 2max , C 2 
and the respective sheaves at the right of = have isomorphic stalks. The third and fourth 
statement are an immediate consequences of the compactness of X . The fifth statement follows 
immediately from proposition [6] □ 

Proposition 20. Let X be an oriented smoothly stratified pseudomanif old with a Thorn-Mather 
stratification of dimension n such that for each stratum Y the link Ly is compact and g a quasi 
rigid iterated edge metric with weights on reg(X). Then, for each i = 0, ...,n, C 2 max and C\ 
are fine sheaves. 



Proof. From the description of the sheaves C\ max , C l 2 given in prop. 19 it follows that in order 
to prove this proposition it is sufficient to show that on X, given an open cover Ua — {U a } a <£A, 
there is a bounded partition of unity with bounded differential subordinate to Ua, that is a 
family of functions X a : X —> [0, 1], a G A such that 

1. Each A a is continuous and X a \reg(x) is smooth. 

2. supp(X a ) c U a for some a £ A. 

3. {supp(X a )} al =A is a locally finite cover of X. 

4. For each x G X J2 a(£A ^a( x ) = 1- 

5. There are constants C a > such that each X a satisfies \\d(X a \ reg (x))\\L 2 (reg(x),g) < C a . 

The proof is given by induction on the depth of X. If depth(X) — the statement is 
immediate because in this case X is a differentiable manifold. Suppose now that the statement 
is true if depth(X) < k — 1 and that depth(X) = k. Let Uj = {Uj}j e j be a locally finite 
refinement of Ua such that for each Uj there is a diffeomorphism cf>j : Uj —t R n if Uj PlX n _i = 
or, in the case Uj n X ra _i ^ 0, an isomorphism <f>j : Uj — > Wj C R k x C(Lj) between Uj and 
an open subset, Wj, of the product M. k x C(Lj) for some k < n and stratified space Lj. 
Let Vj = {Vj}j£j a shrinking of Uj\ this means that Vj is a refinement of Uj such that if 
Vj C Uj then V C Uj. Now let Vj G Vj, Uj G Uj such that Vj C Uj and Uj n X„_i = 0. 
Let ^)j : W l — > [0,1] be a smooth function such that V'jIxTyT = 1 anc ^ su PP('4'j) C <j)j(Uj). 
Define A 3 - : X -> [0,1], Aj := Vj ° 0j- Now l ct ^S" <= "^Jj ^j <= Uj such that V, c U 3 and 
C/j n X„_i 7^ 0. We can take two functions r\ : W. k -> [0, 1], ^ : [0, 1) -> [0, 1] and, using the 
inductive hypothesis and the fact that Ly is compact, a third function Tj : Lj — > [0, 1] smooth 
on reg(Lj) and with bounded differential such that ipj := gj£jTj is a a continuous function 
on M. k x C(Lj) — > [0, 1] smooth on the regular part and with bounded differential such that 
^j U-(V-) = ■*■ an< ^ su PP( t l J j) C 4>j(Uj). Also in this case define Aj : X — > [0, 1], Aj := -0j ° 0j- 
Finally define 

to:X->[0,l],n= Xj (54) 

{Hj} e j is a partition of unity with bounded differential subordinated to the cover lAj and 
therefore from this follows immediately that there exist a partition of unity with bounded 
differential subordinated to the cover Ua- Now the statement of the proposition is an immediate 
consequence. □ 

Now we state the last proposition that we will use in the proof of theorem HI 
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Proposition 21. Let L be a compact smoothly stratified pseudomanif old with a Thorn-Mather 
stratification and let g^ be a riemannian metric on reg(L). Let C(L) be the cone over L and 
on reg(C(L)) consider the metric dr ® dr + r 2c g^. Finally consider on C(L) the complex of 
sheaves (C 2 maxi dmax,*) associated to the metric dr®dr + r 2c gL- Then the canonical inclusion 

i v : C{L) - {v} — ► C(L), 

where v is the vertex of the cone, induces a quasi-isomorphism between the complexes 

\*-'2,max, "'max,*) ana \1-v*1- v *-' 2max , Umax,* ) 

fori<[[^ + U- 

Proof. We start the proof showing that the complexes {L 2 maxi dmax,*) and {i v *i* v L 2 max , d ma x,*) 
are quasi isomorphic for i < [[ d ™ L + i]]. This is equivalent to show that for each x € C(L) 

(ini. \l-'2,maxid"max,*))x = (ML \ l 'V*' l ' V '-2,max 1 ""max,* ) )x 

where each term in the previous isomorphism is the stalk at the point x of the i— th coho- 
mology sheaf associated to {Cl max ,d m ax,*) and {i v *it^2,max->dmax,*) respectively. For every 
i = 0, ..., dimL + 1 the sheaf i„*i*£ 2 max i s isomorphic to the following sheaf; let U C C(L) an 
open subset then: 

iv*i* v £i m ax(U) = {ojE L 2 Loc W{reg(U),dr ® dr + r 2c g L \ reg{u) ) :V p e U - {v} 3 V open 
neighbourhood of p in U such that 0j\ reg (y) € T>(reg(V), d maX} i)}. 



From this fact and prop. 19 it follows that for every x € C{L) — {v} 

(H \C>2,maxidmax,*))x — (1H1 (lv*l v £-2,max ) dmax,* ))x- (55) 

Now by theorem pM and remark H we know that for i < [[ A " L + —]] 

(W(^2, m axidmax,*))v = H' \C* 2max (C(L)) , d m ax,*) = H\,max i r eg(L), g L ) ■ 

Using the same techniques it is easy to show that for each i 

(H \lv*l v l-2,maxidmax,*))v = ti (l v *l v L 2max {C (L)), d m ax,*) ■ 

Therefore we have to show that for i < [[ d ™ L + £-]] 

H l (i m i* v C* 2max {C{L)),d max ^) = H l 2max (reg(L),dmax,*)- 

On the whole cone C{L) the main difference between the complexes {C 2 max, d ma x,*) and 
(i v *i* v £* 2 , max, d max,*) is that for each u £ C 2max (L), by prop. 



10 



k*u £ Cl (C(L)) if and only if i < -^- + —. 

2 2c 

Instead 

tt*u! G i m i* v L 2 max {C(L)) for every i = 0, ...,dimL. 

Therefore by the proof of the first part of theorem k^ and in particular from (41 1 follows that 



W(i m i* v C 2max (C(L)),d rna x,*) = H 2max {reg(L),g L ) for every i = Q,...,dimL+ 1. (56) 
But from theorem [3] we know that 

H\£l max (C(L)),dmax,*) = Hi max (reg(L),g L ) for i < [[-^- + -]]. (57) 

So for i < [[&f±- + i]] 

(H (!u»J„t2 moI , Clmax,*))v = (Ml \>-2.max,""max,*))v 
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and therefore we can conclude that for the same i the complexes (£ 2 max t dmax,*) 

and {i v *K^-2,max^max,*) are quasi-isomorphic. 

Now let j be the morphism between {C* 2max ,d maX}if ) and (i v *i* v £2, ma xi d max ,*) induced from 

i v : C(L) — {v} —> C(L). It is immediate to note that for each open subset U C C(L) jjj is just 

the inclusion of C-2,max{U) in i m i%£\ max {U). Therefore if we call j* the morphism induced 

from j between the cohomology sheaves H l (£* 2maxl d max ^) and H l (i v Jl£^ max ,d max ^) it is 



immediate to note that j* induces the isomorphism (55 1. Finally if we call <fi and ip respectively 
the isomorphisms (56) and (57) we have that for i < [[ d " 2 " £ + ^-]] 

<j)OJ*= l\). 

Therefore we can conclude that 

J : \'-2,maxT ^max,*) ~* \ l v*' l v >-2,m,ax J "•max,* ) 

is a quasi-isomorphism for i < [[ d ™ L + ^]]. D 

Corollary 4. Let (M, h) be an oriented riemannian manifold, let L be a compact smoothly 
stratified pseudomanif old with a Thorn-Mather stratification and let gL be a riemannian metric 
on reg(L). Consider now M x C(L) and on reg(M x C(L)) consider the metric h-\-dr®dr-\- 
r 2c gL- Let Im ■ M x C(L) — (M x {v}) — > M x C(L) the canonical inclusion where v is the 
vertex of the cone. Finally consider over M x C(L) the complex of sheaves (£% max , d max ^). 
Then the canonical inclusion 

i M ■ M x C(L) - (M x {v}) — > M x C(L) 

induces a quasi-isomorphism between the complexes 

\'-2,maxidmax,*) and (!M*%i-2,moi 1 dmax,* ) 
/»"<[["+sll' 

Proof. The proof is completely analogous to the proof of proposition |21| For every i = 
0, ...,dimM + dimL + 1 the sheaf iM*i*M^-\ max * s isomorphic to the following sheaf; let 
U C M X C{L) an open subset then: 

iM*i* M ^,max(U) = {u e L 2 Loc W (reg(U), h + dr ® dr + r 2c g L \ reg(u) ) :V P eU ~(Un(Mx{v}) 

3 V open neighbourhood of p in U such that u\ reg nr\ G "D(reg(V),d maXt i)}. 
From this it follows that for every ieMx C(L) — (M x {v}) 

(M \C-2, max i dmax, *))x — (EI (}M*i M'-'2,max 1 dmax,* ))x- 

Now let p = (m,v) € M x {v}. By theorem |3j remark El and proposition 18 we know that 



(W(jC* 2imax , d maXt *)) p S H\C* 2 , max (U x C{L)), d max ,*) = Hl max (reg{L),g L ) (58) 

for i < \^ dtmL 4- J-]] where U is an open neighborhood of m in M diffeomorphic to an open 
ball in ]R S where s = dimM. Moreover, like in the proof of the previous proposition, it is easy 
to show that 

(H [lv*' l v *-'2,maxidmax,*))p = LI (1v*1 v i-'2,max\^ X ^ (L)) , d max ^) (59) 



where U is as in ( 58 1 . Therefore in order to show that 

(H {lM*1-M'~'2,maxTdmax,*))p — (El \L, 2max , d max ^ )) p 

for i < [[ di ™ L 4- i]] it is sufficient to show that for the same i 

H\i M *i* M £*{U x C(L)),d max ,*) S W(£*(U x C{L)),d max ^) 
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where U is as in (581. But from the same observations of the proof of prop. 21 and prop. 18 



follows immediately that 

H\i M J* M £* 2max (U x C(Z)),d moX) *) = H l 2max (reg{L) l9L ) for each i 
and that 

H\Cl max (U x C{L)),d m ) = H^ max (reg(L),g L ) for i < [[*^ + 1]]. 

So for » < [[^ + i]] 

(H {iM*iM^-2,max^max,*))p — (H (£2, max' «mox,*))p 

and therefore we can conclude that for the same i the complexes (£2 max'dmax,*) 

and (iM*i*M^2 max^max.*) are quasi-isomorphic. Now using the same final considerations of 

the previous proof we get the conclusion. □ 

Finally we can give the proof of the theorem announced at the beginning of the section: 

Proof, (of theoremWj). Using corollary^ we know that there is a quasi rigid iterated edge metric 
on reg(X), g' , that is quasi-isometric to g. So, without loss of generality, we can suppose that 
g is a quasi rigid iterated edge metric with weights. We start by proving the isomorphism 



46 The proof is given by induction on the depth of X. If depth(X) = there is nothing 
to show because, in this case, J is a closed manifold and therefore the isomorphisms 46 are 
the well know theorems of Hodge and de Rham. Suppose now that the theorem is true if 
depth(X) < k — 1 and that depth(X) = k. We will show that the theorem is also true in 
this case. We begin showing the first isomorphism, H 2 max (reg(X),g) = I q ^H l (X,TZq); to do 
this we will use theorem [T] corollary [T] and remark [3] More precisely we will show that the 
complex {C>2,maxi d m ax,i) satisfies the three axioms of theorem n] respect to the perversity p g , 
the stratification X and the local system over reg(X) given by H®0 where 1Z is (X— X n _i) x R 
with R endowed of the discrete topology and O is the orientation sheaf (see example HI . By 
proposition pffl we know that {C\ max ,d maXt i) is a complex of fine sheaves. The first two 
requirements of axiom 1 are clearly satisfied. The third requirement of the same axiom follows 
by proposition fl8l wich implies that for each x € reg(X) (W(£2 max ,d max ^)) x , that is the 
stalk at the point x of the i— th cohomology sheaf associated to the complex (C 2 max , d ma x,*), 
satisfies: 

(M%£i max ,d max ^) x = { ^ l = ° Q (60) 

Consider now a stratum Y a X and a point iS7. Let I = dimY. If I — n — 1, that is if the 
codimension of Y is 1, then it is clear from proposition [T8| that for all x £ Y the second axiom 
of theorem [l] is satisfied. So we can suppose that I < n — 2. By definition 11 we know that 



there exists an open subset V C Y such that n Y (V) = V x C(Ly )and such that 

4, : {-Ky\V) nreg(X),gl-i (v)nreg(x) ) -> (V x reg(C{L Y )),dr 2 + hy + r 2c - 9Ly ) 

is a quasi-isometry. Therefore by the invariance of L 2 — cohomology under quasi-isometry we can 
use (Vxreg(C(L Y )),dr 2 + hv + r 2cY gL Y ) to calculate the L 2 -cohomology of n Y ' 1 (V)nreg(X). 
Choosing V diffeomorphic to (0, e) with e sufficiently small we have that 

(V x reg{C{L Y )),dr 2 + h v + r 2cY 9Ly ) (61) 

is quasi-isometric to 

((0, e)' x reg(C(L Y )),ds 2 + ... + dsf + dr 2 + r 2cY g Y ). 



Therefore from proposition 18 and the invariance of L 2 — cohomology under quasi-isometry it 
follows that 

H l 2 , max {V x reg(C(L Y )),dr 2 + h v +r 2c -g LY ) = Hl max (reg(C(L Y )),dr 2 + r 2c - 9Ly ). (62) 
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In this way we have obtained that 

Him a M9{-KY\V)),g\ reg{ ^ {v)) ) S Hl max (reg(C(L Y )),dr 2 +r 2c -g LY ). (63) 

As we have already observed in the proof of corollary 111 we know that 

( W (£2,max, d max,*))x = H l 2max {reg (tt^ 1 (V)) , 9\ reg ^(y))) 



where V is as in 61 Therefore from this and (63) we get that 



{W{Cl max ,d max ^)) x S Hl max (reg(C(L Y )),dr®dr + r 2c -g LY ) (64) 

Now, using the inductive hypothesis we know that this theorem is true for (Ly,gL Y ) that is 
H hnax{ re 9{L Y ),9L Y ) = I q " L Y H^Ly,*}^) where q gLy = t - p 9Ly and p gLy is the general 
perversity associated to gt, v on Ly . This implies that dimH 2 m a X ( re g(Ly), gL Y ) < °° f° r each 
i = 0, ..., dimLy. From this it follows that at least one of the three hypotheses of corollary [3] 
is always satisfied. So we can use the same corollary to get: 



m tmax (reg(L Y ),g LY ) i < ^^ ± — 
i> 



rji I ln!T \\ \ I rL 2.maxV c -g\^Y ,9L Y ) ' ^- 2 h 2c7 /cr\ 

H 2,max{ re 9{C{Ly)),g c ) = { n , ^ dimLy , 1 ( 65 ) 



1 2c Y 

In this way we can conclude that for each x G Y 

(W(£l max ,d max ^)) x = for i>p g {Y) 

and therefore the complex (C 2 max : d max ^) satisfies the second axiom of theorem flj 

To conclude the first part of the proof we have to show that given any stratum 2T<z X n _k — 

X n -k-i and any point x G Z the attaching map, that is the morphism given by the composition 

of 

'~2,max\u k+ i ~^ l k*'-2,max\u k ~> ^■ l k*'-2,max\u k 

where the first morphism is induced by the inclusion i% : Uk — > Uk+i, is a quasi- isomorphism 
at x up to p g (Z). By the fact that (C 2 m(B ,d rom| ») is a complex of fine sheaves it follows 
that ik*£-2 maxluk ~^ Rik*£% max\u k is a quasi-isomorphism (for example see [3] pag. 32 or [5] 
pag. 222). Therefore, to conclude, we have only to show that the morphism C 2 max \u k+1 -^ 
ik*£-2 maxluk ^ s a quasi-isomorphism at x up to p g (Z), that is, for each x G Z it induces an 
isomorphism 

( W (^2,max\u h+t ,d m ax,*))x = ^ l {ik*C*2, m ax\u k ,d max ,*)) x for i <p g (Z). (66) 

Now, like in the previous case to prove the validity of the second axiom, to show that for 
each x E Z 

(^CCa.maJtfk+i.dmas,*))* - (B'fe^,™! \u k , d m ax,*))x for i < p g (Z) 

it is sufficient to show that there exists an open neighbourhood U of X € Z such that ir^ (U) = 
U x C(Lz) and such that 

H l (Cl tmax \ Uh+1 (Trz l (U)),d ma x,*) = ^f l (4*^2 jmox |(7 fe (7r2 1 (U')),d maXj ,) for i < p g (Z) 

where the isomorphism is induced by the inclusion ik : Uk — ¥ Uk+i- Finally this last statement 
follows from corollary HI So given a stratum Z C X n _k ~ -^n-fe-i and a point x G Z we can 
conclude that for i < p g (Z) the natural maps induced by the inclusion of Uk in Uk+i induces 
a quasi isomorphism between 

*~2,max\Uk+i ~ * l k*>-' 2max \u k - 

So also the third axiom of theorem Q] is satisfied. 

Therefore for all i = 0,..,n H l {C 2 , ma x{reg{X)),d max ^) 2 I^HHX,TZ Q ). Finally by the 
compactness of X, see the third point of proposition |19| we get, for each i — 0, ...,n, the 
desired isomorphisms: 

m max (reg(X),g)^I^H i (X,1l ). 
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From the isomorphism H^ max (reg(X), g) = I q vH l (X, TZ ) it follows that H l 2max (reg(X),g) 
is finite dimensional and then the isomorphism V. 1 abs (reg(X)) = H\ max (reg{X), g) is an im- 
mediate consequence of proposition [2] and formula [9] The first part of the proof is completed. 



To prove the second part of the theorem it is sufficient observe that the finite dimension 
of H\ max (reg(X) , g) for all i = 0,...,n implies that the complex (L 2 Q*(reg(X), g), d max ^) 
is a Fredholm complex. Now, using the isomorphism induced by the Hodge star opera- 
tor * between the Hilbert complexes (L 2 Q*(reg(X),g),d m i nt *) and the adjoint complex of 
(L 2 Q* (reg(X) , g) , d max ,*) and proposition pi it follows that 

H lmax( re 9( x ),g) - H 2^ in {reg{X) ig ). 

Finally, using Poincare duality for intersection homology, that is theorem [21 we get the isomor- 
phism 

Hl min {reg{X),g)^PoH i {X,1l Q ). 

Now, like in the previous case, we know that H l 2 min {reg(X), g) is finite dimensional and 
then the isomorphism 'W rel {reg{X)) = H\ min (reg{X^),g) is an immediate consequences of 
proposition [2] and formula [9] □ 

Proof, (of theorem pi). Suppose that p is a general perversity in the sense of Friedman on X 
such that p >m and p(Y) = for each one codimensional stratum Y of X. We recall that m 
is defined in the following way: if Y C X is a stratum of X and if Ly is the link relative to Y 
with ly = dimLy then 



m(Y) = J ^ 



^r W even 
ly odd 



ly-l 



Therefore it follows that for each stratum Y there is a non negative integer ny such that 

( ly = 

p( y ) = { '-f + n Y 1 y even > 'y^O 

[ ^fi + ny ly odd 

Now we can choose some non negative real numbers {cy}y e x such that ny = [[^j - ]] if ly 
is even and ny — [[| + ^— ]] if ly is odd. By proposition M we know that there is a quasi 
rigid iterated edge metric g on reg(X) having the numbers {cyjygjE like weights. In this way 
p = p g , the general perversity associated to g, and therefore by theorem HI we can get the 



isomorphism ( 49 1 



Conversely if p satisfies p < rn and p(Y) = — 1 for each one codimensional stratum Y of X , then 
q := t — p, where t is top perversity, satisfies q >m and q(Y) = for each one codimensional 
stratum Y of X. Therefore by the previous point there exists a quasi edge metric with weights 
h on reg(X) such that ph = q. Finally using again theorem H] we can get the isomorphism 



(51). □ 

In the same hypothesis of the theorem [4] we have the following corollaries: 
Corollary 5. For each i = 0, ...,n on L 2 fT (reg(X) , g) we have the following decompositions: 
L 2 fl l (reg(X),g) = H l abs © ran(d max ^x) © ran(S minyi ) (67) 

L 2 n l {reg(X),g) = W rel © ran(d min ,i-i) © ran(5 max ,i) (68) 

and 

L 2 Sl l (reg{X), g) = H l max © ran(d m i n ,i-i) © ran(5 min ,i) (69) 

Proof. By theorem H we know that H^ max {reg{X),g) and H\ min {reg{X),g) are finite di- 
mensional. Therefore by prop. K2J the fact that (L 2 fl*(M, g),8 m in,*) is the dual complex of 
(L 2 tt*(M,g),d max ^), {L 2 n*(M^g),5 max ^) is the dual complex of (L 2 tt*(M,g), d min ,*) and 
proposition ^ it follows that, for each i, ran(d maXi i),ran(d m i n ,i),ran(5 maXt i) and ran{8 m i n ,i) 
are closed. Now applying ^ we can get (67) and (68) and applying (14) we can get (69). □ 
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Corollary 6. 

d m ax + 5 mm , d min +S m ax ■ L 2 VL* (reg(X) , g) ->■ L 2 tt*(reg(X),g) 

and for each i 

A abs ^ A rel>i : L 2 tf{reg(X),g) -> L 2 W {reg(X),g) 

are Fredholm operators. Moreover also 

dmax + S mm , d min + S max : L 2 n even {reg(X),g) -> L 2 Q. odd (reg(X),g) 
are Fredholm operators and their indexes satisfy: 

n 
ind(d max + dmin) = J^J^&aiC*) ~ I Pa 02i+l(X)) 
i=0 

n 

ind(dmin + 5,nax) = ^(I p »6 2 iP0 - J ,9 6 2 i+lP0) 
i=0 

w/iere I p °b 2i {X) = dim(IP*H l (X,K)) and analogously I^b 2i (X) = dim(I q <> W (X ,71)) . 
Finally 

A max , t : L 2 n l (reg(X),g) -> L 2 ff(re 9 (X),«?) 

ftas closed range and its orthogonal complement is finite dimensional while 

A mi n,i ■■ L 2 n l (reg(X),g) -> L 2 ^(re 5 (X),.g) 

/las closed range and finite dimensional nullspace; in other words A max ^ is essentially surjective 
and A mini is essentially injective. 

Proof. The first three assertions follow immediately from theorem [4] For the last two we know 
that ran(A a i, s ,i) C ran(A max ) . This implies that there exists a surjective map from 

L 2 W(M,g) , L 2 &(M,g) 



ran(A abSii ) ran{A max ,i) 

But we know that A abs is Fredholm; this implies that the term on the left in the above 
equality is finite dimensional and therefore also the term on the right is finite dimensional. So 
A maXt i from its natural domain endowed with the graph norm to L 2 fl l (M,g) is a continuous 
operator with finite dimensional cokernel and this implies the statement of the corollary about 
A max ,i. For A min ,i we know, see prop. [5| that Ker(A mm ^) = Ker(d m in,i) H Ker(6 m in,i-i) 
and therefore by theorem [4] it follows that Ker(A m i n j) is finite dimensional. Using again 
proposition |5] we know that (A max ,i)* — A m in,i an d therefore by the fact that A maXj j has 
closed range it follows that also A m i n ^ has closed range. D 

Finally the remaining corollaries follow immediately from theorem HI and from the definition 
of intersection cohomology with general perversity. 

Corollary 7. Consider the following complex (C^ D U l (reg(X)), di). Then a necessary condition 
to have the minimal exstension equal to the maximal one is that the perversities p g and q g gives 
isomorphic intersection cohomology groups. 

Corollary 8. If every weight is greater or equal than 1, that is for every stratum Y cy > 1, 
then, for all i, we obtain the following isomorphisms: 

W ab8 {reg{X),g) = Hl max (reg(X),g) = I^W(X,K ) (70) 

W rel (reg{X),g) = H^ min {reg(X), g) - I^W(X,K a ) (71) 

where m is the lower middle perversity and fn is the upper middle perversity. 
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Corollary 9. Suppose that the general perversity associated to the quasi edge metric with 
weights g satisfies p g {Z) > cod(Z) — 1 for each singular stratum Z. Then, for all i, we have 
the following isomorphisms: 

K bs (reg(X), g) * Hi >max (reg(X), g) * H l (X - X n _ lt R) (72) 

K el (reg(X),g) * i^ mm (re.g(A),. 9 ) * H\X,K a ). (73) 

Corollary 10. If p g is classical perversity in the sense of Goresky-MacPherson and A„_i = 
X n -2 then, for all i, we have the following isomorphisms: 

W abs {reg(X),g) £ Hl max (reg(X),g) = I«°W(X,R) (74) 

K el (reg(X),g) = Hl mm (reg(X), g) 2 P*H\X,M.) (75) 

Corollary 11. Let g, h be two quasi edge metrics with weights on reg(X) such that p g = ph. 
Then for all i 

K bs (reg(X), g) = Hl max {reg(X), g) = H* ;max (reg(X), h) = W abs {reg{X), h) (76) 

and 

K el (reg(X),g) - W 2t7nm (reg(X),g) - H^ min (reg(X),h) S W rel {reg{X),h) (77) 

In particular a necessary condition for two quasi edge metrics with weights are quasi-isometric 
is that they induce perversities with isomorphic intersection cohomology groups. 

Corollary 12. Let X' be another compact and oriented smoothly stratified pseudomanif old 
with a Thorn-Mather stratification and h a quasi edge metric with weights on reg(X'). Let 
f : X — > X' a stratum preserving homotopy equivalence, see \2Q$ pag 62 for the definition. 
Suppose that both p g and ph depend only on the codimension of the strata and that p g = ph. 
Then for all i 

^N*),ff) s ^(re9W,fl) S^M^O,/!) S ^(^(X'J.ft) (78) 

and 

W rel (reg{x),g) * Hl min {reg{X),g) - Hl mm (reg{X'),h) = W rel (reg{X'),h) (79) 
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